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Abstract: We explain why it is necessary to use boundary conditions in the proof of super-
symmetry of a supergravity action on a manifold with boundary. Working in both boundary
(“downstairs”) and orbifold (“upstairs”) pictures, we present a bulk-plus-boundary/brane ac-
tion for the five-dimensional (on-shell) supergravity which is supersymmetric with the use of
fewer boundary conditions than were previously employed. The required Gibbons-Hawking-
like Y -term and many other aspects of the boundary/orbifold picture correspondence are
discussed.
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1. Introduction
In their ground-breaking paper [1], Horava and Witten discussed eleven-dimensional super-
gravity on a manifold with boundary, that arises as a low energy limit of the strongly coupled
heterotic string theory. They explained that there are two possible descriptions of the same
theory: the “downstairs” (boundary) picture and the “upstairs” (orbifold) picture. They
made a comment, however, that working on the orbifold is technically more convenient,
which was, perhaps, the reason why the orbifold picture became the de facto choice for many
researchers working in this area.
One of such orbifold constructions is the now famous Randall-Sundrum scenario [2, 3]
which is set up in a five-dimensional space-time with a negative cosmological constant. This
scenario was supersymmetrized by different groups [4, 5, 6] with somewhat different ap-
proaches (see Ref. [7] for the proof of the equivalence of these approaches). The original
orbifold construction was used for the supersymmetrization as well.
Over time people came to discover that the boundary (“downstairs” or “interval”) picture
is in many respects preferred over the orbifold picture. For example, in Ref. [8] it was
demonstrated how the same physical content unambiguously encoded in the boundary picture
can be obscured by various “twists” and “jumps” on the orbifold.
In this paper we provide more evidence for simplicity of the boundary picture.
We present a bulk-plus-boundary action with the five-dimensional gauged (on-shell) su-
pergravity in the bulk. It is N = 2 (locally) supersymmetric with a boundary condition on
the supersymmetry parameter breaking a half of the bulk supersymmetries on the boundary.
Supersymmetry of the action requires the use of a small subset of all the (natural) boundary
conditions encoded in the action itself. Which boundary conditions are necessary is indicated
by the supersymmetry algebra.
The boundary action is a sum of two terms. The first one is a Gibbons-Hawking-like
term [9] (which we call “Y -term” to acknowledge the work of York [10, 11]). It allows the
derivation of Neumann-like boundary conditions (which we call “natural” following Ref. [12])
from the standard variational principle in exactly the same way as equations of motion are
derived. (The general variation of the action must vanish for arbitrary variations of the fields
in the bulk and on the boundary.) The second term is (a half of) the brane action which one
uses in the orbifold picture.
We present the transition from the boundary to the orbifold picture in detail. We find
that the Y -term disappears in the transition. It is represented in the orbifold picture by
brane-localized singularities of the bulk Lagrangian.
We explicitly check that the bulk-plus-brane action we obtain for the orbifold picture is
supersymmetric upon using the same minimal set of boundary conditions as in the boundary
picture. But we find that supersymmetry of the action requires introducing different ε(z)
(sign factor) assignments for odd fields compared to those previously assumed. Instead of
the famous ε(z)2δ(z) = 1/3 δ(z) we find that it is necessary to use another equally bizarre
relation for a product of distributions: ε(z)−2δ(z) = −δ(z).
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The construction of Ref. [7] is obtained from the one presented here by explicitly using
the natural boundary conditions (including those outside the minimal set) in the brane action
and while performing the supersymmetry variation of the resulting bulk-plus-brane action.
We find that in the approach of Ref. [7] the two alternative ε(z) assignments cannot be
distinguished.
We also find that in the orbifold picture all local transformations have to be modified
by the explicit addition of brane-localized terms such that the resulting transformations are
non-singular on the brane. (The hint for this modification appeared already in Refs. [4, 7],
where the supersymmetry transformation of ψ52 was modified.) Only after this modification
the orbifold picture becomes equivalent to the boundary picture.
This paper is a companion to Ref. [13], where a detailed analysis of the Mirabelli and
Peskin model [14] in both the boundary and the orbifold pictures is presented.
Our basic conventions are the same as in Ref. [7]. We summarize them in Appendix A.
More details are included in Ref. [15].
2. Supersymmetry algebra
In this section we present the (on-shell) supersymmetry algebra of five-dimensional gauged
supergravity. The (bulk) supergravity action and supersymmetry transformations are as in
Ref. [7]. But in order to show an important feature of the local supersymmetry algebra, we
need to include 3-Fermi terms in the supersymmetry transformation of the gravitino.
The complete form of the supersymmetry transformations is 1
δHeAM = iH˜iΓAΨMi (2.1)
δHBM = −i
√
6
2
H˜iΨMi (2.2)
δHΨMi = 2DM (ω̂)Hi + 1
2
√
6
(ΓM
NK + 4δNMΓ
K)F̂NKHi
+λQi
j(ΓM −
√
6BM )Hj , (2.3)
where Qi
j = i(~q · ~σ)ij and
F̂MN = FMN + i
√
6
4
Ψ˜iMΨNi (2.4)
ω̂MAB = ω(e)MAB − i
4
eNA e
K
B
(
Ψ˜iNΓMΨKi + Ψ˜
i
MΓNΨKi − Ψ˜iMΓKΨNi
)
(2.5)
1The spinors ΨMi and Hi are symplectic Majorana (see Appendix A). The index i can be rotated by
Ui
j ∈ SU(2): Ψ′i = Ui
jΨj . The (global) SU(2) is the automorphism symmetry group of the algebra when
λ~q = 0. The real vector ~q = (q1, q2, q3) indicates which U(1) subgroup of the SU(2) has been gauged [16, 7].
One can set it to be a unit vector, ~q 2 = 1.
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are supercovariant quantities (their supersymmetry variations contain no ∂MHi). From these
we can derive the (on-shell) supersymmetry algebra,2
[δsusy(Ξ), δsusy(H)] = δg.c.(vM ) + δloc.L.(ωAB) + δU(1)(u) + δsusy(Υi) . (2.6)
The commutator of two supersymmetry transformations with parameters Hi and Ξi gives a
general coordinate transformation (instead of a translation in the case of global supersym-
metry) as well as other local transformations (in our case these are local Lorentz and U(1)
transformations). But what is special to local supersymmetry (see, e.g., Ref. [17]), the com-
mutator also gives rise to another supersymmetry transformation! And the 3-Fermi terms in
the supersymmetry transformations are essential to identify this feature.
A general coordinate transformation (with parameter vM ) has the same form on eAM , BM
and ΨMi, since all of them carry the same world index M . Explicitly, on BM it is given by
δvBM = v
N∂NBM +BN∂Mv
N . (2.7)
The (local) Lorentz transformation (with parameter ωAB = −ωBA) is
δωe
A
M = e
B
MωB
A, δωBM = 0, δωΨMi =
1
4
ωABΓ
ABΨMi . (2.8)
And the (local) U(1) transformation (with parameter u) is as follows,
δue
A
M = 0, δuBM = ∂Mu, δuΨMi = u
√
6
2
λQi
jΨMj . (2.9)
The parameters vM , ωAB , u and Υi, which appear in the commutator (2.6), are given by
vM = 2iH˜iΓMΞi
ωAB = 2i(H˜iΓKΞi)ω̂KAB − 2iλQij(H˜iΓABΞj)
− i√
6
H˜iΓABNKΞiF̂NK − 4i√
6
H˜iΞiF̂AB
u = −2i(H˜iΓKΞi)BK − i
√
6H˜iΞi
Υi = −i(H˜jΓKΞj)ΨKi . (2.10)
The supersymmetry algebra tells us that in order for a (bulk-plus-boundary) action to be
supersymmetric under the indicated supersymmetry transformations, it must also be invari-
ant under the local transformations arising from the commutator (2.6). Namely, the general
coordinate transformation, the local Lorentz transformation and the U(1) gauge transforma-
tion. This allows one to find the boundary conditions necessary for supersymmetry of the
action.
2The algebra closes exactly only on the bosonic fields eAM and BM . For the gravitino, ΨMi, additional
non-closure terms appear, proportional to its equation of motion. For the off-shell supersymmetry algebra see
Ref. [18].
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3. Boundary breaks supersymmetry
It is well-known that in the presence of a boundary half of the bulk supersymmetries are
necessarily broken. The reason for this is the supersymmetry algebra, which generates a
general coordinate transformation (a translation in the case of the global supersymmetry) in
the direction normal to the boundary.
Indeed, let us consider an action on a manifold M with boundary ∂M. Its variation
under the general coordinate transformation gives rise to a boundary term,
δvS5 = δv
∫
M
L5 =
∫
M
DM (v
ML5) =
∫
∂M
nMv
ML5 , (3.1)
where nM is an outward pointing unit vector normal to the boundary. (The measures of
integration, d5xe5 on M and d4xeind4 on ∂M, are implicit. ) This is true for any action,
provided L5 is a scalar under the general coordinate transformation. Thus, in the presence of
a boundary, the action is not invariant under the general coordinate transformation unless
nMv
M = 0 on ∂M . (3.2)
But the supersymmetry algebra shows that a commutator of two supersymmetry transfor-
mations generates the general coordinate transformation with
vM = 2iH˜iΓMΞi . (3.3)
And thus a restriction on vM restricts the allowed supersymmetry transformations.
From now on we assume that the boundary is described by
∂M : x5 = const . (3.4)
The allowed general coordinate transformations,
xM → xM − vM (x) , (3.5)
with nMv
M = 0 on ∂M, preserve this description, and thus our choice does not limit the
general coordinate invariance any further. We also use a (finite) local Lorentz transformation
to set e5ˆm = 0 on ∂M. In this gauge, which turns out to be very convenient for our discussion,
e5ˆm = 0, e
5
a = 0, e
a
5 6= 0, em5ˆ 6= 0 (3.6)
and
eame
n
a = δ
n
m, e
m
a e
b
m = δ
b
a, e
5ˆ
5e
5
5ˆ
= 1, em
5ˆ
= −ea5ema e55ˆ . (3.7)
Note also that this is the gauge in which eam is a vierbein of the induced metric on the
boundary (which is not true in general) and, therefore,
eind4 = e4 = det e
a
m . (3.8)
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We also have e5 = e4e
5ˆ
5 and nM = (0, 0, 0, 0, n5) with (see Appendix D)
n5 = −e5ˆ5 . (3.9)
After these simplifications and in the two-component spinor notation, Eqs. (3.2) and (3.3)
give rise to the following condition,
v5 = 2iH˜iΓ5Ξi = 2e55ˆ(η2ξ1 − η1ξ2) + h.c. = 0 on ∂M . (3.10)
Here (η1, η2) and (ξ1, ξ2) are the constituents of Hi and Ξi, respectively. Clearly, its general
solution is the following boundary condition on the supersymmetry parameter,
η2 = αη1 on ∂M , (3.11)
where α is (for now) an arbitrary complex function of the boundary coordinates. (We will
see, however, that we can find a supersymmetric bulk-plus-boundary action only for α =
const.) This is exactly the boundary condition used in Ref. [7]. One linear combination of η1
and η2 gets fixed, while the orthogonal combination describes the unbroken supersymmetry
transformation. We will first set α = 0 to simplify the discussion.3 Our boundary condition
is then
η2 = 0 on ∂M . (3.12)
The N = 2 supersymmetry gets broken down to N = 1 (described by η1) due to the presence
of the boundary.
Note that the breaking is on the boundary only. We will find a bulk-plus-boundary action
which is invariant under the supersymmetry transformations with arbitrary η1 and η2 in the
bulk ofM, restricted only by the boundary condition on ∂M. (In contrast, in the case of the
global supersymmetry, like in the Mirabelli and Peskin model, restricting constant η1 and η2 on
∂M is equivalent to restricting them everywhere, and thus the N = 2 supersymmetry is really
broken down to N = 1.) However, in the corresponding effective four-dimensional theory one
would be able to preserve only N = 1 supersymmetry, because the second supersymmetry
would be broken by the boundary conditions.
4. Boundary conditions needed for supersymmetry
Preserving the N = 1 supersymmetry still requires some effort. In the Mirabelli and Peskin
model we found that, in the boundary picture, a particular boundary action is required to pre-
serve the N = 1 supersymmetry. Off-shell, no boundary condition was necessary to establish
supersymmetry of the bulk-plus-boundary action. On-shell, however, some boundary condi-
tions (which are part of the auxiliary equations of motion) were necessary. In our (on-shell)
supergravity case, we can find the boundary conditions that are important for supersymmetry
directly from the supersymmetry algebra!
3It is sufficient to consider just the α = 0 case. Any other (constant) α is obtainable by a (global) SU(2)
rotation Ref. [7]. See Section 7 for details.
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4.1 Boundary condition on the gravitino
We found that the commutator of two supersymmetry transformations generates another
supersymmetry transformation with parameter
Υi = −i(H˜jΓMΞj)ΨMi . (4.1)
In our gauge (e5ˆm = e
5
a = 0) and with our boundary condition (η2 = 0 on ∂M), we have
Υi = −ema (iη1σaξ1 + h.c.)Ψmi . (4.2)
Writing Υi and Ψmi in terms of their two-component constituents, (ζ1, ζ2) and (ψm1, ψm2),
respectively, we obtain, in particular,
ζ2 = −ema (iη1σaξ1 + h.c.)ψm2 . (4.3)
Thus, two allowed supersymmetry transformations (with η2 = 0 and ξ2 = 0) generate a
forbidden supersymmetry transformation (ζ2 6= 0), unless the boundary condition
ψm2 = 0 on ∂M (4.4)
is imposed. (If α 6= 0, the boundary condition is ψm2 = αψm1 on ∂M.)
It is important to note, however, that the supersymmetry transformation in the commu-
tator (2.6) arises from the 3-Fermi terms in the supersymmetry variation of the gravitino.
Accordingly, we expect that the boundary condition (4.4) is needed to prove supersymmetry
of our action to all orders in fermions, but not just to quadratic order in fermions. We will
show that it is indeed the case (provided an appropriate boundary action is included).
4.2 Boundary condition on the graviphoton
The commutator (2.6) also results in a U(1) gauge transformation with parameter
u = −2i(H˜iΓKΞi)BK − i
√
6H˜iΞi . (4.5)
In our gauge (e5ˆm = e
5
a = 0) and with our boundary condition (η2 = 0 on ∂M), we have
u = −2ema (iη1σaξ1 + h.c.)Bm . (4.6)
This implies that there are two choices of boundary conditions compatible with supersymme-
try of the (bulk-plus-boundary) action:
1. Bm 6= 0 on ∂M; the action must be U(1) gauge invariant; the boundary condition (if
any) follows from maintaining the U(1) invariance.
2. Bm = 0 on ∂M; the U(1) gauge invariance is broken by this boundary condition and
thus is not required of the action itself; the gauge invariance must not be broken in the
bulk, however, since there the generated u is non-zero.
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The first choice appears to be more attractive (gauge invariances lead to more controlled
quantum field theories), but the second choice may also be required. In our setup this is the
case when λq12 6= 0. The reason is that in this case the boundary condition η2 = 0 on ∂M
itself breaks the U(1) gauge invariance! This happens because the U(1) transformation acts
on the supersymmetry parameter Hi in the same way as it does with ΨMi,
δuHi = u
√
6
2
λQi
jHj . (4.7)
For the two-component spinors this means
δuη1 = i
√
6
2
λu(q3η1 − q∗12η2) (4.8)
δuη2 = i
√
6
2
λu(−q12η1 − q3η2) . (4.9)
We see that the boundary condition, η2 = 0 on ∂M, is not invariant under this transformation,
unless λq12 = 0. (For α 6= 0 the condition on ~q is accordingly modified.)
4.3 Are there other boundary conditions?
There are no other boundary conditions which are generated in the way described above.
The Lorentz transformation does not generate a boundary condition since any supergravity
Lagrangian is Lorentz invariant and, therefore, no boundary term is produced when varying
the action.
This means that we should need (at most) two boundary conditions (on the gravitino
and the graviphoton) to prove supersymmetry of the total bulk-plus-boundary action. In
particular, we should be able to do this without using any boundary condition for the vielbein!
And we will show explicitly that it is indeed so, provided an appropriate boundary action is
found.
We would like to emphasize that despite the limited number of boundary conditions
needed to prove supersymmetry of the total action, a dynamical setup should include a full
set of boundary conditions to make the boundary value problem well defined. And such a
set must itself be supersymmetric (though the use of equations of motion would be required
to show the closure of the boundary conditions under supersymmetry if one works with the
on-shell formulation of supergravity).
5. Bulk action
In this section we introduce the bulk supergravity action and consider its variation under the
U(1) gauge and the supersymmetry transformations.
Our bulk action is the standard gauged supergravity action in five dimensions [19]. We
will omit the 4-Fermi terms and will work to quadratic order in fermions. To this order, the
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action is
S5 =
∫
M
d5xe5
{
− 1
2
R+
i
2
Ψ˜iMΓ
MNKDNΨKi
+6λ2~q 2 +
i
2
Ψ˜iMΓ
MNK
[
1
2
λQi
j(ΓN −
√
6BN )
]
ΨKi
−i
√
6
16
FMN
(
2Ψ˜MiΨNi + Ψ˜
i
PΓ
MNPQΨQi
)
−1
4
FMNF
MN − 1
6
√
6
ǫMNPQKFMNFPQBK
}
. (5.1)
Note that the action with λ 6= 0 can be obtained from the ungauged action (with λ = 0) by
modifying the covariant derivative on the gravitino,
DMΨNi → D˜MΨNi = DMΨNi + 1
2
λQi
j(ΓM −
√
6BM )ΨNj , (5.2)
and adding the cosmological constant term 6λ2~q 2 to the Lagrangian. Similarly, the super-
symmetry transformations are obtained by analogous modification of the covariant derivative
on Hi.
The modified derivative is covariant with respect to the U(1) transformation,
δu(D˜MΨNi) = u
√
6
2
λQi
j(D˜MΨNj) . (5.3)
It is then clear that only the Chern-Simons term in the action is not invariant under the U(1)
transformation and, therefore,
δuS5 =
∫
M
d5xe5
{
− 1
6
√
6
ǫMNPQKFMNFPQδuBK
}
=
∫
M
d5xe5DK
[
− u 1
6
√
6
ǫMNPQKFMNFPQ
]
=
∫
∂M
d4xe4
[
− u 1
6
√
6
n5ǫ
5MNPQFMNFPQ
]
. (5.4)
In our gauge (e5ˆm = e
5
a = 0, n5 = −e5ˆ5) this becomes
δuS5 =
∫
∂M
d4xe4
[
u
1
6
√
6
ǫmnpqFmnFpq
]
. (5.5)
Therefore, the bulk action is U(1) gauge invariant (δuS5 = 0), provided the following (gauge
invariant) boundary condition is imposed,
Fmn = 0 on ∂M . (5.6)
Another way to kill the boundary term is to require u = 0 on ∂M. The supersymmetry
algebra then leads to a stronger (gauge non-invariant) boundary condition,
Bm = 0 on ∂M . (5.7)
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Let us now consider the supersymmetry variation of the bulk action. One can show (see
the details in Ref. [15]) that the action varies into a boundary term (the bulk part vanishes,
since this action is known to be supersymmetric in the absence of boundary). Explicitly,
δHS5 =
∫
M
d5xe5(DMK˜
M ) =
∫
∂M
d4xe4(nMK˜
M) , (5.8)
where
K˜M = −eMAeNBδHωNAB − i
2
Ψ˜iNΓ
NMKδHΨKi
−FMNδHBN − 4
6
√
6
ǫMNPQKFPQBKδHBN . (5.9)
In our gauge this simplifies to
δHS5 =
∫
∂M
d4xe4
{
− enaδHωna5ˆ + (ψm1σmnδHψn2 − ψm2σmnδHψn1 + h.c.)
−e5ˆ5Fn5δHBn +
4
6
√
6
ǫnpqkFpqBkδHBn
}
. (5.10)
6. Boundary action for η2 = 0
According to our discussion of boundary conditions necessary for supersymmetry of the action,
if we
1) work to quadratic order in fermions, and
2) drop terms with BM ,
then there should exist a boundary action that makes the total bulk-plus-boundary action
supersymmetric without the use of any boundary conditions (except the one on the super-
symmetry parameter). In this section we present such an action.
6.1 Variational principle
In our analysis [13] of the Mirabelli and Peskin model [14], we found that the boundary
action required for supersymmetry is, at the same time, the one which makes the variational
principle well defined. Let us now turn this around. We will look for a boundary action which
improves the variational principle and then see if it makes the total action supersymmetric.
If we consider the general variation of our action (which one would perform to find the
equations of motion), we find
δS5 =
∫
M
d5xe5
{
DMK
M + (EOM)δΦ
}
, (6.1)
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where Φ = {eAM , BM ,ΨMi} and
KM = −eMAeNBδωNAB + i
2
Ψ˜iNΓ
NMKδΨKi
−FMNδBN − 4
6
√
6
ǫMNPQKFPQBKδBN . (6.2)
Note that the only difference between KM and K˜M is in the sign in front of the fermionic
term. Accordingly, in our gauge (e5ˆm = e
5
a = 0, n5 = −e5ˆ5) we obtain
δS5 =
∫
∂M
d4xe4
{
− enaδωna5ˆ − (ψm1σmnδψn2 − ψm2σmnδψn1 + h.c.)
−e5ˆ5Fn5δBn +
4
6
√
6
ǫnpqkFpqBkδBn
}
+ (EOM) . (6.3)
Let us now consider the following modified action,
S′5 = S5 +
∫
∂M
d4xe4
[
emaωma5ˆ + (ψm1σ
mnψn2 + h.c.)
]
. (6.4)
In our gauge ωma5ˆ is simply related to the extrinsic curvature (see Appendix D),
Kma = ωma5ˆ, K = e
maωma5ˆ . (6.5)
Therefore, the first term in the boundary action is just the standard Gibbons-Hawking term,
which makes the variational problem for the total gravity action
−1
2
∫
M
R+
∫
∂M
K (6.6)
well defined. In our gauge this is especially easy to see. The general variation of the modified
action,
δS′5 =
∫
∂M
d4xe4
{
(Kma −Kema)δema + (2ψm2σmnδψn1 + h.c.)
−e5ˆ5Fn5δBn +
4
6
√
6
ǫnpqkFpqBkδBn
}
+ (EOM) , (6.7)
contains only the variation of the induced vierbein eam and not that of its normal derivative,
which is exactly the purpose of the Gibbons-Hawking term. In addition, we see that the
fermionic boundary term in the modified action (6.4) removes δψn2 from the boundary piece
of the general variation. As a result, the boundary condition ψm2 = 0 on ∂M (which is
necessary to prove supersymmetry of the action to all orders in fermions) arises from requiring
the general variation to vanish under arbitrary variation δψm1 on the boundary.
The expression for the supersymmetry variation of the modified action once again differs
from the general variation (6.7) only in the fermionic piece (plus all the bulk terms are absent),
δHS′5 =
∫
∂M
d4xe4
{
(Kma −Kema)δHema + (2ψm1σmnδHψn2 + h.c.)
−e5ˆ5Fn5δHBn +
4
6
√
6
ǫnpqkFpqBkδHBn
}
. (6.8)
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6.2 Supersymmetry without boundary conditions
Consider the following bulk-plus-boundary action,
S = S5 +
∫
∂M
d4xe4
[
K + (ψm1σ
mnψn2 + h.c.)
]
+
∫
∂M
d4xe4(−3λ1) , (6.9)
where we added an extra tension term to the boundary action. We now omit all BM terms
and verify that the total bulk-plus-boundary action is supersymmetric without the use of any
boundary conditions for gravitino or vierbein, but with the restriction on the supersymmetry
parameter Hi,4
η2 = 0 on ∂M . (6.10)
The supersymmetry variation gives
δHS =
∫
∂M
d4xe4
{
− (Kma −Kema + 3λ1ema)δHema + (2ψm1σmnδHψn2 + h.c.)
}
,(6.11)
where
δHema = −iψm1σaη1 + h.c. (6.12)
δHψm2 = −iKmaσaη1 + iλq3σmη1 . (6.13)
With the help of the following identity,
Knaσ
mnσa =
1
2
(Kma −Kema)σa , (6.14)
we obtain
δHS =
∫
∂M
d4xe4
{
3(λ1 − λq3)iψm1σmη1 + h.c.
}
. (6.15)
Therefore, the bulk-plus-boundary action (6.9) is supersymmetric, provided λ1 = λq3. And
no boundary condition for the gravitino or vierbein is needed to prove this.
But the boundary conditions do exist for this bulk-plus-boundary action. If we consider
its general variation, we find
δS =
∫
∂M
d4xe4
{
(Kma −Kema + 3λ1ema)δema
+(2ψm2σ
mnδψn1 + h.c.)
}
+ (EOM) . (6.16)
4A similar bulk-plus-boundary action (for a spinning string in the superconformal gauge), supersymmetric
with the use of only a boundary condition on the supersymmetry parameter, was obtained in 1982 in Ref. [20];
see their Eq. (5.7). (See also Eq. (5.17) in Ref. [21].) Analogous result for a spinning membrane, presented in
a more geometrical setting, appeared in 1989 in Ref. [22]; see their Eq. (5.16).
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If we require this to vanish under arbitrary field variations, then in addition to the bulk
equations of motion we obtain the following natural boundary conditions,
Kma = λ1ema, ψm2 = 0 . (6.17)
If one allows the use of these boundary conditions to prove supersymmetry, then one can also
claim that the following bulk-plus-boundary action,
S5 +
∫
∂M
d4xe4(+λ1) , (6.18)
is supersymmetric (for λ1 = λq3). (This action is obtained from (6.9) by implementing the
boundary condition in its boundary term.) This is the approach taken in Ref. [8].5
Our bulk-plus-boundary action (6.9) has the advantage of giving a unique boundary
action with which the invariance under supersymmetry is independent of the boundary con-
ditions. At the same time, it generates an acceptable set of natural boundary conditions via
the variational principle.
7. Boundary action for η2 = αη1
Here we show explicitly that the α = 0 case can be rotated into the α 6= 0 case and that
the rotated bulk-plus-boundary action is once again supersymmetric without the use of any
boundary conditions.
7.1 Global SU(2) rotation
We use the fact that the bulk action and the supersymmetry transformations are invariant
under the following (global) rotations of the fermions (ΨMi and Hi) and parameters ~q,
Ψ′Mi = Ui
jΨMj, H′i = UijHj , Q′ = UQU † , (7.1)
where Q = i(~q · ~σ) and U is a constant matrix of the SU(2) group. We employ a particular
rotation from this class,
η′1 =
η1 − α∗η2√
1 + αα∗
, η′2 =
αη1 + η2√
1 + αα∗
(7.2)
(similarly for (ψm1, ψm2) and (ψ51, ψ52)), together with
q′12 =
q12 − α2q∗12 − 2αq3
1 + αα∗
, q′3 =
αq∗12 + α
∗q12 + (1− αα∗)q3
1 + αα∗
. (7.3)
The inverse rotation is obtained simply by changing the sign of α. In particular,
η2 =
−αη′1 + η′2√
1 + αα∗
. (7.4)
Therefore,
η2 = 0 ⇒ η′2 = αη′1 . (7.5)
5The statement in Ref. [8] (see the sentence after Eq. (2.12)) that in the downstairs picture no boundary
action is required is, in fact, erroneous. We find here that the boundary tension term of Eq. (6.18) is needed.
This does not, however, affect the rest of the analysis in Ref. [8].
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7.2 Bulk-plus-boundary action
Performing this rotation on the action (6.9) and omitting the primes on the new fields, we
obtain
S(α) = S5 +
∫
∂M
d4xe4
[
K + (ψm1σ
mnψn2 + h.c.)
]
+
∫
∂M
d4xe4L(α)B , (7.6)
where 6
L(α)B = −3λ1 + (α11ψm1σmnψn1 + 2α12ψm1σmnψn2 + α22ψm2σmnψn2 + h.c.) , (7.7)
and the parameters are given by
α11 =
−α
1 + αα∗
, α12 =
−αα∗
1 + αα∗
, α22 =
α∗
1 + αα∗
. (7.8)
We claim that this bulk-plus-boundary action is supersymmetric without the use of any
boundary conditions for vierbein or gravitino (omitting the BM terms and working to second
order in fermions), provided only that the supersymmetry parameter Hi is restricted by the
condition
η2 = αη1 on ∂M . (7.9)
7.3 Supersymmetry of the action
The supersymmetry variation gives
δHS(α) =
∫
∂M
d4xe4
{
− (Kma −Kema + 3λ1ema)δHema
+2
[(
α11ψm1 + α12ψm2
)
σmnδHψn1
+
(
α22ψm2 + (α12 + 1)ψm1
)
σmnδHψn2 + h.c.
]}
, (7.10)
where
δeam = −i(ψm1σaη1 + ψm2σaη2) + h.c. (7.11)
δψm1 = 2D̂mη1 + iKmaσ
aη2 + iλσm(q3η2 + q
∗
12η1) (7.12)
δψm2 = 2D̂mη2 − iKmaσaη1 + iλσm(q3η1 − q12η2) . (7.13)
Using η2 = αη1 (and assuming α = const),
7 we can bring the variation to the following form,
δHS(α) =
∫
∂M
d4xe4
{
4C1ψm1σ
mnD̂nη1 + 4C2ψm2σ
mnD̂nη1
+C3(K
m
a −Kema )iψm1σaη1 + C4(Kma −Kema )iψm2σaη1
−3C5iψm1σmη1 − 3C6iψm2σmη1 + h.c.
}
, (7.14)
6For a discussion of a boundary Lagrangian with general fermionic mass terms of the form αijψiψj see also
Ref. [23].
7We were unable to find a bulk-plus-boundary action which would be supersymmetric for η2 = αη1 with α
being a function of boundary coordinates. We can allow only α = const, despite the fact that the supersym-
metry algebra does not explain this limitation.
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where the coefficients are
C1 = α11 + α(α12 + 1)
C2 = α12 + αα22
C3 = α11α
∗ − α12
C4 = α
∗(α12 + 1)− α22
C5 = −λ1 + λA1
C6 = −λ1α∗ + λA2 (7.15)
with
A1 = α11(q3α
∗ + q∗12) + (α12 + 1)(q3 − q12α∗) (7.16)
A2 = α12(q3α
∗ + q∗12) + α22(q3 − q12α∗) . (7.17)
Our bulk-plus-boundary action is supersymmetric without the use of boundary conditions
for the fields if all the coefficients Ci vanish. And indeed, using our expressions (7.8) for the
parameters αij, we find
C1 = C2 = C3 = C4 = 0 . (7.18)
We also find A2 = α
∗A1 as well as
A1 = −αq
∗
12 + α
∗q12 + (αα∗ − 1)q3
1 + αα∗
. (7.19)
Therefore, the remaining conditions, C5 = 0 and C6 = 0, are satisfied provided we choose λ1
in the boundary Lagrangian (7.7) to be
λ1 = −αq
∗
12 + α
∗q12 + (αα∗ − 1)q3
1 + αα∗
λ . (7.20)
This is exactly the relation found in Ref. [7]. (Note also that it is just the rotated version of
λ1 = λq3 for α = 0.) But, unlike Ref. [7] or [8], we did not have to use boundary conditions
to prove supersymmetry of the total action.
7.4 Boundary conditions
The general variation of the bulk-plus-boundary action (7.6) gives
δS =
∫
∂M
d4xe4
{
(Kma −Kema + 3λ1ema)δema
+2
[(
α11ψm1 + (α12 + 1)ψm2
)
σmnδψn1
+(α12ψm1 + α22ψm2)σ
mnδψn2 + h.c.
]}
+ (EOM) . (7.21)
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One could worry that having both δψm1 and δψm2 in the boundary piece of the general
variation could interfere with the application of the variational principle. And indeed, if we
require the variation to vanish for arbitrary δema, δψm1 and δψm2 on the boundary, we would
obtain two fermionic boundary conditions,
ψm2 = − α11
α12 + 1
ψm1, ψm2 = −α12
α22
ψm1 . (7.22)
For general αij this would overdetermine the boundary value problem. However, for our
special choice (7.8), the two boundary conditions reduce to one! This saves the variational
principle.
Our bulk-plus-boundary action leads to the following natural boundary conditions,
Kma = λ1ema, ψm2 = αψm1 . (7.23)
These, once again, coincide with the boundary conditions used in Refs. [7] and [8]. And if we
plug these boundary conditions in our boundary Lagrangian (7.7), we find
L(α)B = −3λ1 − (αψm1σmnψn1 + h.c.) , (7.24)
which is (a half of) the brane Lagrangian in Ref. [7].
7.5 U(1) gauge invariance
We now investigate when the boundary action and/or boundary conditions are gauge invari-
ant. The U(1) gauge transformation on the fermions is
δuη1 = iw(q3η1 − q∗12η2)
δuη2 = iw(−q3η2 − q12η1) , (7.25)
where w ≡ i
√
6
2 λu ∈ R; the transformation on the ψm1,2 is similar.
The boundary condition η2 = αη1 is gauge invariant if
δu(η2 − αη1) = −iw
[
(q12 + αq3)− α(αq∗12 − q3)
]
= 0 . (7.26)
This leads to the following quadratic equation for α,
q12 − α2q∗12 + 2αq3 = 0 . (7.27)
It is equivalent to two linear equations,
αq∗12 − q3 = ±1, q12 + αq3 = ±α , (7.28)
where the signs ± correspond to the two solutions of the quadratic equation [7]. (We assumed
here the normalization condition ~q 2 = 1 of Ref. [7].)
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The fermionic part of the boundary Lagrangian (including the ψm1σ
mnψn2 term) is
LBF = 1
1 + αα∗
[
− αψ1ψ1 + (1− αα∗)ψ1ψ2 + α∗ψ2ψ2
]
, (7.29)
where we used a shorthand notation ψiψj ≡ ψmiσmnψnj and dropped the “+h.c.”. (Note
that LBF vanishes when the boundary condition ψm2 = αψm1 is used!) Its variation under
the gauge transformation gives
δuLBF = iw
1 + αα∗
[
Wψ1ψ1 + 2(αq
∗
12 − α∗q12)ψ1ψ2 +W ∗ψ2ψ2
]
, (7.30)
where
W = α(α∗q12 − q3)− (αq3 + q12) . (7.31)
We see that the variation vanishes when α and ~q are related as in Eq. (7.28). We conclude,
therefore, that the (full) boundary Lagrangian and the boundary condition η2 = αη1 are both
gauge invariant when the equation (7.28) is satisfied!
For future reference, we note that if we do not include the ψm1σ
mnψn2 term, that is if
we consider the variation of
L(α)BF =
1
1 + αα∗
[
− αψ1ψ1 − 2αα∗ψ1ψ2 + α∗ψ2ψ2
]
(7.32)
under the gauge transformation, we find
δuL(α)BF =
iw
1 + αα∗
[
W˜ψ1ψ1 + 2(αq
∗
12 − α∗q12)ψ1ψ2 + W˜ ∗ψ2ψ2
]
, (7.33)
where
W˜ = 2α(α∗q12 − q3) . (7.34)
Therefore, when the boundary condition η2 = αη1 is gauge invariant, i.e. the equation (7.28)
is satisfied, the α-dependent part of the boundary Lagrangian, L(α)B , is not gauge invariant!
(Unless α = 0, in which case L(α)BF = 0; or λ = 0, in which case the U(1) does not act on the
fermions.)
8. Fate of BM terms
In this section we will keep all BM and FMN terms (as well as e
a
5 and e
m
5ˆ
), and show that,
with an appropriate addition to the boundary action, the bulk-plus-boundary action is su-
persymmetric provided we use the (gauge non-invariant) boundary condition Bm = 0 on
∂M.
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8.1 Old action
Consider the modified bulk action (6.4),
S′5 = S5 +
∫
∂M
d4xe4
[
K + (ψm1σ
mnψn2 + h.c.)
]
. (8.1)
Its general variation is (6.7),
δS′5 =
∫
∂M
d4xe4
{
− (Kma −Kema )δeam + (2ψm2σmnδψn1 + h.c.)
−e5ˆ5Fn5δBn +
4
6
√
6
ǫnpqkFpqBkδBn
}
+ (EOM) , (8.2)
and its supersymmetry variation is given by (6.8),
δHS′5 =
∫
∂M
d4xe4
{
− (Kma −Kema )δHeam + (2ψm1σmnδHψn2 + h.c.)
−e5ˆ5Fn5δHBn +
4
6
√
6
ǫnpqkFpqBkδHBn
}
. (8.3)
This is true for any Hi.
8.2 Supersymmetry with BM terms
Let us first discuss the case α = 0, so that the boundary condition on the supersymmetry
parameter Hi is
η2 = 0 on ∂M . (8.4)
The supersymmetry transformations then are
δHeam = −iψm1σaη1 + h.c. (8.5)
δHBm = i
√
6
2
ψm2η1 + h.c. (8.6)
δHψm2 = −iKmaη1 + iλq3σmη1
+i
√
6λq12η1Bm − 1
2
√
6
(iǫm
nklσl + 4δ
n
mσ
k)η1Fnk . (8.7)
Therefore,
δHS′5 =
∫
∂M
d4xe4
{
− 3iλq3(ψm1σmη1)
+2i
√
6λq12(ψm1σ
mnη1)Bn − 3i
2
√
6
(ψm1σnη1)ǫ
mpqnFpq
−i
√
6
2
(ψn2η1)e
5ˆ
5F
n5 +
i
3
(ψn2η1)ǫ
npqkFpqBk + h.c.
}
. (8.8)
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The term with λq3 can be compensated by a boundary tension term (see Eq. (6.9)). Most of
the other terms can be killed by application of the boundary condition for Bm,
Fmn = 0 on ∂M (8.9)
if λq12 = 0 and the gauge invariance is preserved on the boundary; or
Bm = 0 on ∂M (8.10)
if λq12 6= 0 and the gauge invariance on the boundary is broken by the boundary condition
on the supersymmetry parameter. However, we are still left with
δHS′5 =
∫
∂M
d4xe4
{
− i
√
6
2
(ψm2η1)e
5ˆ
5F
n5
}
. (8.11)
This remaining term can, in principle, be canceled by the boundary condition on the
gravitino,
ψm2 = 0 on ∂M . (8.12)
However, our analysis of the supersymmetry algebra indicates that we should not need this
boundary condition for supersymmetry to quadratic order in fermions. Therefore, there
should exist a boundary action which lets us avoid using this boundary condition.
Another reason in favor of modifying our action is that, at the moment, the Bm boundary
condition we need (Bm = 0 or Fmn = 0 on ∂M) is not the same as the natural boundary
condition arising from the bulk-plus-boundary action,
e5ˆ5F
n5 − 4
6
√
6
ǫnpqkFpqBk = 0 on ∂M . (8.13)
8.3 New action
In order to
1) avoid using the ψm2 = 0 boundary condition in proving supersymmetry (to quadratic
order in fermions), and
2) have the boundary condition for Bm (Bm = 0 or Fmn = 0 on ∂M) appear as a natural
boundary condition,
we need to add an appropriate boundary action. Such a boundary action exists, but it turns
out that it itself breaks gauge invariance! That is, for agreement with the supersymmetry
algebra we have to break the gauge invariance (only on the boundary) by hand. However,
we will find that the same boundary action is also needed for the correct transition to the
orbifold picture.
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The required boundary action is easy to find. Indeed, consider the following bulk-plus-
boundary action,
S′′5 = S
′
5 +
∫
∂M
d4xe4
{
e5ˆ5F
n5Bn
}
. (8.14)
Its general variation is,
δS′′5 =
∫
∂M
d4xe4
{
− [Kma −Kema − (BnCn)ema ]δeam + (2ψm2σmnδψn1 + h.c.)
+BmδC
m +
4
6
√
6
ǫnpqkFpqBkδBn
}
+ (EOM) , (8.15)
where we defined
Cm ≡ e5ˆ5Fm5 = e5ˆ5
[
gmngk5Fnk + (g
mng55 − gm5gn5)Fn5
]
= γmnFn5ˆ ≡ ema ena(e55ˆFn5 + ek5ˆFnk) . (8.16)
The natural boundary conditions corresponding to independent variations of Bm and C
m
(they are independent since Cm involves ∂5Bn whose value on ∂M is independent of the
value of Bn) coincide on the following boundary condition,
Bm = 0 on ∂M . (8.17)
This is exactly the (gauge non-invariant) boundary condition dictated by the supersymmetry
algebra. (Note that the Bm and C
m fields are analogous to, respectively, the Φ and D =
X3−∂5Φ fields of the Mirabelli and Peskin model [14]. There, in order to derive the boundary
condition for Φ, we need a boundary term ΦD [13].)
The result of the supersymmetry variation, compared to Eq. (8.11), is now
δHS′′5 =
∫
∂M
d4xe4
{
BnδHCn + (BnCn)ema δHe
a
m
}
. (8.18)
And, therefore, the bulk-plus-boundary action (8.14) is supersymmetric upon using only the
Bm = 0 boundary condition, but not the ψm2 = 0 one.
8.4 Extension to the α 6= 0 case
The generalization to the α 6= 0 case is straightforward. Since BM is not rotated under the
SU(2), we do not get new boundary terms for the α 6= 0 case. The boundary condition
remains Bm = 0 on ∂M. The only terms we should consider, therefore, are those containing
Fm5.
The variation (7.10) can also be written as follows,
δHS(α) =
∫
∂M
d4xe4
{
− (Kma −Kema + 3λ1ema)δHema
+2
[ψm1 + α∗ψm2
1 + αα∗
σmn(δHψn2 − αδHψn1) + h.c.
]}
. (8.19)
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The terms with Fm5 appear only in the variation of the gravitino,
δHψm1 =
−4i
2
√
6
(σm
n + δnm)η1(e
5
5ˆ
Fn5) + . . . (8.20)
δHψm2 =
−4i
2
√
6
(σm
n + δnm)η2(e
5
5ˆ
Fn5) + . . . , (8.21)
where dots represent the terms already considered. But since η2 = αη1 on ∂M, the Fm5
terms cancel in the combination δHψn2 − αδHψn1 ! (Note that in the orbifold picture the
cancellation of the Fm5 terms is less straightforward, as we will see.) This completes our
explicit check of the fact that the rotated action,
S(α) +
∫
∂M
d4xe4
{
e5ˆ5F
n5Bn
}
, (8.22)
is supersymmetric (using only the η2 = αη1 and Bm = 0 boundary conditions).
9. From boundary to orbifold picture
In this section we will show that that the generalized Gibbons-Hawking term [9] (which we call
“Y -term” to honor the work of York [10, 11]) matches onto the brane-localized singularities
of the bulk Lagrangian in the orbifold picture. This explains why the Y -term appears only
in the bulk-plus-boundary action (in the boundary picture), but not in the bulk-plus-brane
action (in the orbifold picture).
9.1 Summary of the boundary picture discussion
Our total bulk-plus-boundary action is
S =
∫
M
d5xe5L5 +
∫
∂M
d4xe4Y +
∫
∂M
d4xe4L(α)B , (9.1)
where the α-independent boundary term Y is
Y = K + (ψm1σ
mnψn2 + h.c.) + e
5ˆ
5F
n5Bn (9.2)
and L(α)B is given by Eq. (7.7) together with Eqs. (7.8) and (7.20). We showed that the action
is supersymmetric for η2 = αη1 on ∂M provided we use just one more boundary condition:
Bm = 0 on ∂M.
The Y -term is a generalization of the Gibbons-Hawking boundary term for our bulk
action. It allows us to derive (natural) boundary conditions by requiring that the general
variation of the action vanish for arbitrary field variations in the bulk and on the boundary.
The boundary conditions thus obtained are
Bm = 0, Kma = λ1ema, ψm2 = αψm1 on ∂M . (9.3)
They are consistent with supersymmetry, as was shown in Ref. [7]. Their supersymmetry
variations also produce other (secondary) boundary conditions. In on-shell formulation, one
can at most expect that the full system of boundary conditions closes under supersymmetry
only up to equations of motion [13]. (See also Ref. [24].)
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9.2 Lifting to the orbifold
Let us now lift our results to the R/Z2 orbifold. The orbifold can be constructed from two
copies of our space-time manifold with boundary,
M− = R1,3 × (−∞, 0] and M+ = R1,3 × [0,+∞) . (9.4)
(We use the notation valid for the flat case [13], but keep in mind that we are actually
on a general curved manifold.) Since the boundaries of M+ and M− coincide, we denote
Σ = ∂M+ = ∂M− and call this hypersurface a “brane”.
We use a Z2 symmetry of the bulk action to impose the following parity assignments [7]
(“even/odd” means φ(−z) = ±φ(+z)),
even : eam e
5ˆ
5 B5 ψm1 ψ52 η1 q12 λ
odd : e5ˆm e
a
5 Bm ψm2 ψ51 η2 q3 .
(9.5)
It follows that K = emaωma5ˆ is odd and F
m5 is even. Therefore, the Y -term is odd.
Since we used n5 = −e5ˆ5, our bulk-plus-boundary action is appropriate forM+. ForM−,
we should use n5 = +e
5ˆ
5 (see Appendix C) and accordingly change the sign of the Y -term.
The boundary conditions, which our actions for M+ andM− should reproduce, are
B
(+)
m = 0, K
(+)
ma = +λ
(+)
1 ema, ψ
(+)
m2 = +α
(+)ψm1 (9.6)
B
(−)
m = 0, K
(−)
ma = −λ(+)1 ema, ψ(−)m2 = −α(+)ψm1 . (9.7)
(The superscripts (±) mean “evaluated on theM± side of the brane Σ”.) This is equivalent
to using Eq. (9.3) on both sides of Σ if we set α(−) = −α(+) and λ(−)1 = −λ(+)1 . From the
expression for λ1, Eq. (7.20), we see that
α(−) = −α(+), q(−)3 = −q(+)3 ⇒ λ(−)1 = −λ(+)1 . (9.8)
We, therefore, find that our boundary Lagrangian L(α)B is odd. (In the Mirabelli and Peskin
model, the boundary Lagrangian L4 includes only even bulk fields and is itself even. Our
L(α)B , however, includes also an odd bulk field, ψm2, and odd parameters, α and q3.)
The correct actions for the both sides then are
S± =
∫
M±
d5xe5L5 ±
∫
∂M±
d4xe4Y
(±) ±
∫
∂M±
d4xe4L(α)B (±) . (9.9)
The orbifold action is the sum of these two,
S =
∫
M+∪M−
d5xe5L5 +
∫
Σ
d4xe4[2Y
(+)] +
∫
Σ
d4xe4[2L(α)B (+)] . (9.10)
By analogy with our analysis of the Mirabelli and Peskin model [13], we expect that the
Y -term matches onto the brane-localized terms produced by the bulk Lagrangian L5. We
will show now that the match is (almost) perfect.
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9.3 Boundary Y -term vs. Orbifold singular terms
For each odd field, we can write
Φ(x, z) = ε(z)Φ(+)(x, |z|), ∂5Φ = (∂5Φ)(+) + 2Φ(+)δ(z) , (9.11)
where ε(z) = ±1 on M±. In particular,
Fm5 = F
(+)
m5 − 2B(+)m δ(z) . (9.12)
This allows us to separate the Σ-localized terms in L5 explicitly.
The relevant part of the bulk Lagrangian is
L5 = −1
2
R+
i
2
Ψ˜iMΓ
M5K∂5ΨKi
−1
4
FMNF
MN − 1
6
√
6
ǫMNPQKFMNFPQBK + . . . (9.13)
The analysis simplifies a lot in our gauge (e5ˆm = e
5
a = 0).
8 In particular, a HUGE advantage
of this gauge is that
there are no δ(z)-terms in ωMAB !
Therefore,
R = −2e55ˆema∂5ωma5ˆ + . . .
= −4e55ˆemaω(+)
ma5ˆ
δ(z) + . . .
= −4e5
5ˆ
K(+)δ(z) + . . . , (9.14)
where the dots denote non-singular terms. Next,
i
2
Ψ˜iMΓ
M5K∂5ΨKi = e
5
5ˆ
[ψm1σ
mn∂5ψn2 + h.c.] + . . .
= e5
5ˆ
[2ψm1σ
mnψ
(+)
n2 δ(z) + h.c.] + . . . (9.15)
The Chern-Simons term is straightforward to consider,
ǫMNPQKFMNFPQBK = −4e55ˆǫmpqkFm5FpqBk + . . .
= 8e5
5ˆ
ǫmpqkFpqBkB
(+)
m δ(z) + . . .
= 8e5
5ˆ
ǫmpqkF (+)pq B
(+)
k B
(+)
m ε(z)
2δ(z) + . . .
= 0 + . . . , (9.16)
8Note that we keep ea5 6= 0, e
m
5ˆ
6= 0. See Appendix D.
– 24 –
whereas the BM kinetic term is the trickiest to analyze. We have
−1
4
FMNF
MN = −1
4
FmnF
mn − 1
2
Fm5F
m5 . (9.17)
Both terms contain δ(z)-terms. Indeed, let us introduce
αmnk = gmngk5, βmn = gmng55 − gm5gn5 . (9.18)
Then
Fm5 = αmnkFnk + β
mnFn5, F
mn = gmkgnlFkl + (α
mkn − αnkm)Fk5 , (9.19)
and we find
−1
4
FmnF
mn = (αmknFmnBk)
(+)ε(z)2δ(z) + . . . (9.20)
−1
2
Fm5F
m5 = 2βmnF
(+)
m5 B
(+)
n δ(z) + (α
mknFmnBk)
(+)ε(z)2δ(z)
−2βmnB(+)m B(+)n δ(z)2 + . . . (9.21)
Finally, combining the pieces, we obtain the following expression for the singular part of the
bulk Lagrangian (the e5ˆ5 is taken from e5 = e4e
5ˆ
5),
e5ˆ5L5 = 2K(+)δ(z) + [2ψm1σmnψ(+)n2 + h.c.]δ(z)
+e5ˆ5
{
2βmnF
(+)
m5 B
(+)
n δ(z) + 2(α
mknFmnBk)
(+)ε(z)2δ(z)
−2βmnB(+)m B(+)n δ(z)2
}
+ . . . (9.22)
This is to be compared with
2Y (+)δ(z) = 2K(+)δ(z) + 2[ψm1σ
mnψn2 + h.c.]
(+)δ(z)
+2e5ˆ5
[
βmnFm5Bn + α
mknFmnBk
](+)
δ(z) . (9.23)
9.4 Auxiliary boundary condition
We see that we definitely do not match the δ(z)2 terms. To do so, one would have to put δ(0)
terms on the boundary which we consider unnatural. Instead, we refer to the discussion of
the Mirabelli and Peskin model [13], where it was found that the δ(z)2 terms are taken care
of by the auxiliary fields upon going on-shell.
How could this help if there are no auxiliary fields, but δ(z)2 terms are present? The
point is that “going on-shell” in the boundary picture means not only eliminating the auxiliary
fields, but also using some boundary conditions which are a part of the auxiliary equations
of motion [13].
We conjecture that Bm = 0 on ∂M is exactly such an “auxiliary boundary condition”.
(This is so if, in the Y -term for the off-shell supergravity action, the Bm appears multiplied
by an auxiliary field.) Using this boundary condition takes care of the discrepancy in the
δ(z)2 terms.
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9.5 Different ε(z) for different fields
The other mismatch is in the term with ε(z)2,
2(αmknFmnBk)
(+)ε(z)2δ(z) ∈ L5 . (9.24)
Setting ε(z)2 = 1 would eliminate the discrepancy, but we are not allowed to do so, since 9
ε(z)2δ(z) =
1
3
δ(z) . (9.25)
One could find various “excuses” for neglecting this term. One could use the Bm = 0
boundary condition to kill it. But this also kills the βmnFm5Bn term which matches perfectly.
Or one could argue that it is “of higher order in the brane coupling”. Indeed, this term is
special in the sense that it is a product of three odd fields (gm5, Fmn and Bm) evaluated on
∂M+. If the brane action is such that these fields acquire non-zero boundary conditions, this
term becomes proportional to g3, with g being a coupling constant in front of the boundary
action. (This is exactly the type of expansion used by Horava and Witten in Ref. [1]. The
role of g is played there by κ2/3.)
But there is, actually, another way to eliminate the mismatch. And it can be motivated
as follows. Note that the orbifold construction may correspond to a discontinuous limit of
some smooth supergravity realization (when the brane sources are smoothed out into the
bulk). The ε(z) would then correspond to a smooth warp-factor. But then, why would all
the odd fields have the same warp-factor?
Let us, therefore, introduce different ε(z) for different odd fields! We numerate them as
follows,
η2 = ε1η
(+)
2 , ψm2 = ε2ψ
(+)
m2 , Kma = ε3K
(+)
ma , q3 = ε4q
(+)
3 (9.26)
Bm = ε5B
(+)
m , e5a = ε6e
(+)
5a . (9.27)
They have to satisfy εi(z) = ±1 on M±, but if we have one such ε(z), then we can write
many functions of it10 still satisfying this property, 11
ε(z),
1
ε(z)
,
2ε(z)
1 + ε(z)2
, etc. (9.28)
9This relation was first noticed by Conrad in Ref. [25]. See also Ref. [26]. The key to its understanding
is the fact that the “sign function” ε(z) must be treated as a distribution, just like the delta function δ(z).
One way to define it is via a limit of a sequence of regular (smooth) functions: ε(z) = lim εn(z). Accordingly,
δ(z) = lim δn(z). The product of distributions is ill-defined unless we relate the two sequences. We require
ε′n(z) = 2δn(z). Then lim
∫
dzε2n(z)δn(z)f(z) = (1/3) lim
∫
dzδn(z)f(z) for any (smooth) test function f(z).
This gives precise meaning to the distributional equality ε(z)2δ(z) = (1/3)δ(z).
10We can define a function w(ε) of the distribution ε(z) = lim εn(z) by w(ε(z)) = limw(εn(z)).
11The possible appearance of the sign factors of this type in the orbifold constructions was mentioned before;
see, e.g., Refs. [27, 28].
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The ε(z)2 in Eq. (9.24) now changes as
ε(z)2 −→ ε5(z)ε6(z) . (9.29)
Therefore, by choosing ε5(z) = ε(z) and ε6(z) = 1/ε(z), or vice versa, we eliminate the
mismatch!
One should be careful, however, because such a modification can change some of the
relations used before. Namely, we used ε′(z) = 2δ(z). It turns out, however, that we are safe
since12 (
1
ε(z)
)′
= − 1
ε(z)2
ε′(z) = −2 1
ε(z)2
δ(z) = 2δ(z) . (9.30)
We used here the following relation,
ε(z)−2δ(z) = −δ(z) , (9.31)
which can be proven in the same way as Eq. (9.25). Namely,∫ +a
−a
ε(z)−2δ(z)dz =
1
2
∫ +a
−a
ε−2dε = −1
2
ε(z)−1
∣∣∣+a
−a
= −1
2
(1− (−1)) = −1 . (9.32)
We will find a more convincing proof of the necessity to introduce different εi(z) for
different fields when checking supersymmetry of our action in the orbifold picture.
9.6 Another addition to the Y -term
We see now that the presence of the e5ˆ5F
n5Bn term in the boundary action follows most easily
from the requirement that the Y -term match singularities of the bulk Lagrangian. We will
now use this approach to find another term which should be included in the Y -term.
In our expressions for the boundary terms of the general and supersymmetry variations
of the bulk action, we ignored a contribution from the following term,
− i
√
6
16
FMN
(
2Ψ˜MiΨNi + Ψ˜
i
PΓ
MNPQΨQi
)
∈ L5 . (9.33)
The reason was that its contribution to the boundary term of the supersymmetry variation
(if it is at all non-zero) comes from δHBM and thus is quartic in fermions, which is of higher
order than we consider. But its contribution to the boundary term of the general variation is
of quadratic order in fermions and thus should be included. (Note that the variation δHΨMi
in Eq. (9.33) does not contribute to the boundary term of the supersymmetry variation as
the explicit calculation of K˜M in Eq. (5.8) shows [15].)
12Note that although ε′(z) = 2δ(z) and (1/ε(z))′ = 2δ(z) are both true in the distributional sence, the
functional relation ε′n(z) = 2δn(z) does not hold between 1/εn(z) and δn(z).
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This part of L5 produces brane-localized terms because Fm5 ∋ −2B(+)m δ(z) . Since the
singular part of e5ˆ5L5 should match onto 2Y (+)δ(z), we find the following contribution to the
Y -term,
Y (+) ∋
√
6
4
iγmkB
(+)
k (ψm2ψ5ˆ1 − ψm1ψ5ˆ2)
−
√
6
8
iεmnpqB(+)m (ψp2σnψq2 + ψp1σnψq1) + h.c. , (9.34)
where ψ5ˆ1,2 = e
5
5ˆ
ψ51,2 + e
m
5ˆ
ψm1,2. This contribution, however, does not change our previous
analysis.
Indeed, because of the e5ˆ5F
n5Bn term, the gauge invariance of the bulk-plus-boundary
action is broken (on the boundary) and we have to use the B
(+)
m = 0 boundary condition.
The terms in Eq. (9.34) are, therefore, harmless for the supersymmetry variation unless we
vary Bm itself, but this is of higher order in fermions. They do modify the natural boundary
conditions, making Bm ∼ O(ψ2), but this is again of higher order in our approximation.
Also, by construction, these terms match singularities of the bulk Lagrangian and thus
do not appear in the bulk-plus-brane action of the orbifold picture.
9.7 Result: the orbifold action
We found that the Y -term of the boundary picture matches (with some subtleties) onto the
brane-localized terms arising from the singularities of the bulk Lagrangian L5. As a result,
the total action (9.10) reduces to
S =
∫
M5
d5xe5L5 +
∫
Σ
d4xe4L4 , (9.35)
where M5 = R1,4 is the (curved) space-time without boundary, with z ∈ (−∞,+∞), and Σ
denotes the brane at z = 0. The brane Lagrangian L4 is twice the boundary Lagrangian (not
including the Y -term) evaluated on the M+ side of Σ,
L4 = 2L(α)B (+) . (9.36)
10. Supersymmetry in the orbifold picture
Here we check explicitly whether the bulk-plus-brane action, constructed starting from the
boundary picture, is in fact supersymmetric in the orbifold picture. In the process, we find
that using different εi(z) for different odd fields is essential and that checking supersymmetry
without the use of the boundary conditions fixes the εi(z) uniquely.
10.1 Bulk-plus-brane action
Our bulk-plus-brane action is
S = S5 + S4 =
∫
d5xe5L5 +
∫
d5xe4δ(z)L4 , (10.1)
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where S5 is the bulk supergravity action (5.1), and L4 is the following brane Lagrangian,
L4 = −6λ1 + 2
[
α11ψm1σ
mnψn1 + 2α12ψm1σ
mnψ
(+)
n2 + α22ψ
(+)
m2 σ
mnψ
(+)
n2 + h.c.
]
. (10.2)
The parameters are fixed in terms of λ, ~q and α ≡ α(+),
α11 =
−α
1 + αα∗
, α12 =
−αα∗
1 + αα∗
, α22 =
α∗
1 + αα∗
(10.3)
λ1 = −αq
∗
12 + α
∗q12 + (αα∗ − 1)q(+)3
1 + αα∗
λ . (10.4)
This bulk-plus-brane action was derived starting from the boundary picture. (Note that
setting α = 0 kills all the fermionic terms in L4. Therefore, in the orbifold picture, the
transition between the α = 0 and α 6= 0 cases is not as straightforward as in the boundary
picture.)
We would now like to check explicitly that the action is supersymmetric in the orbifold
picture under the local N = 2 supersymmetry restricted on the brane by the boundary
condition
η
(+)
2 = αη1 on Σ . (10.5)
As we found in the previous section, it may be necessary to use the freedom of defining
different ε(z) for different fields. We therefore set
η2 = ε1η
(+)
2 , ψm2 = ε2ψ
(+)
m2 , Kma = ε3K
(+)
ma , q3 = ε4q
(+)
3 , Bm = ε5B
(+)
m . (10.6)
We will see that εi are either ε(z) or 1/ε(z), so that we can freely use ε
′
i(z) = 2δ(z).
10.2 Supersymmetry variation of the bulk action
The supersymmetry variation of the bulk Lagrangian produces a total derivative term, Eq. (5.8),
which was important in the boundary picture but integrates to zero on the orbifold. But on
the orbifold we get additional brane-localized contributions from the bulk action due to the
discontinuities in the fields and parameters.
First, we promoted the parameter q3 to a function,
q3(z) = ε4(z)q
(+)
3 , (10.7)
where q
(+)
3 is a constant. Performing the supersymmetry variation of S5 without assuming
the parameters to be constant, we find [7] (dropping the total derivative term),
δ
(1)
H S5 =
∫
d5xe5
{
− 3iΨ˜iMΓMNHj∂N (λQij)− i
√
6Ψ˜iMΓ
MNKHjBK∂N (λQij)
}
. (10.8)
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In our case only ∂5q3 6= 0. Going into our gauge (e5ˆm = e5a = 0), we obtain
δ
(1)
H S5 =
∫
d5xe5e
5
5ˆ
[
2λq
(+)
3 δ(z)
]{
3i(−ψm1σmη1 + ψm2σmη2)
+2
√
6i(ψm2σ
mnη1 + ψm1σ
mnη2)Bn + h.c.
}
, (10.9)
where we used q3
′(z) = 2q(+)3 δ(z).
Second, because we have ∂5 hitting odd fields in our supersymmetry transformations, the
transformations are singular and thus not well-defined on the brane. In our analysis of the
Mirabelli and Peskin model [13], we showed that in order for the (on-shell) supersymmetry
algebra to close onto the (singular) orbifold equations of motion we need to modify the su-
persymmetry transformations by adding appropriate δ(z)-terms. The modifications should
be such that when the (natural) boundary conditions are taken into account the supersym-
metry transformations become non-singular on the brane. This approach was already used
in Ref. [7].
By inspection of our supersymmetry transformations, we see that ∂5 hits η2 in δψ52.
Therefore, we modify the supersymmetry transformations by adding to δψ52 a new piece,
δ
(2)
H ψ52 = −4η(+)2 δ(z) = −4αη1δ(z) , (10.10)
which subtracts the singular piece in δψ52. This modification produces an additional brane-
localized contribution to the supersymmetry variation of the bulk action,
δ
(2)
H S5 =
∫
d5xe5e
5
5ˆ
[−4δ(z)]
{
− 2ψm1σmnD̂nη(+)2 + iKnaψm2σmnσaη(+)2
−3
2
λi(q3ψm2 + q12ψm1)σ
mη
(+)
2 +
√
6
4
iγmkFk5ˆψm1η
(+)
2 + h.c.
}
, (10.11)
where γmn = emaena and Fm5ˆ = e
5
5ˆ
Fm5 + e
n
5ˆ
Fmn. (The Fmn terms not appearing in Fm5ˆ, as
well as the Bm terms, are not shown here.)
All other ∂5 in the supersymmetry transformations appear only via Fm5. However, as we
will explain in detail later, when the natural boundary condition on Bm is B
(+)
m = 0 on Σ, no
further modifications to the supersymmetry transformations are necessary.
We will return to the discussion of the Bm and Fmn terms in the next section. For now
we simply set Bm = 0 and Fmn = 0. (But we will keep Fm5.)
10.3 Supersymmetry variation of the brane action
The supersymmetry variation of the brane action gives
δHS4 =
∫
d5xe4δ(z)
{
− 6λ1ema δHeam + 4
[
(α11ψm1 + α12ψ
(+)
m2 )σ
mnδHψn1
+(α22ψ
(+)
m2 + α12ψm1)σ
mnδHψ
(+)
n2 + h.c.
]}
. (10.12)
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The (induced on the brane) supersymmetry transformations are
δHeam = −i(ψm1σaη1 + ε1ε2ψ(+)m2 σaη(+)2 ) + h.c.
δHψm1 = 2D̂mη1 + iε1ε3K(+)ma η
(+)
2 + iλσm(q
∗
12η1 + ε1ε4q
(+)
3 η
(+)
2 )
− 4i
2
√
6
(σm
n + δnm)η1Fn5ˆ
δHψ
(+)
m2 = 2D̂mη
(+)
2 − iK(+)ma η1 + iλσm(q(+)3 η1 − q12η(+)2 )
− 4i
2
√
6
(σm
n + δnm)η
(+)
2 Fn5ˆ , (10.13)
where the εi(z) factors have been explicitly shown. (Note that the variations of the even fields
contain products of εi , whereas the variation of ψ
(+)
m2 contains no εi and simply corresponds
to evaluating the bulk transformation of the odd field on the positive side of the brane.)
10.4 Supersymmetry variation of the total action
Writing all the εi(z) factors explicitly in the expressions for the supersymmetry variation of
the bulk action, we find
δ
(1)
H S5 =
∫
d5xe4δ(z)
{
6iλq
(+)
3
(
− ψm1σmη1 + ε1ε2ψ(+)m2 σmη(+)2
)
+ h.c.
}
(10.14)
and
δ
(2)
H S5 =
∫
d5xe4δ(z)
{
8ψm1σ
mnD̂nη
(+)
2 − 4iε2ε3K(+)na ψ(+)m2 σmnσaη(+)2
+6λi
(
ε2ε4q
(+)
3 ψ
(+)
m2 + q12ψm1
)
σmη
(+)
2
−
√
6iγmkFk5ˆψm1η
(+)
2 + h.c.
}
. (10.15)
Adding all three contributions and setting η
(+)
2 = αη1, we obtain the following expression for
the supersymmetry variation of our bulk-plus-brane action,
δHS = δ
(1)
H S5 + δ
(2)
H S5 + δHS4 =
∫
d5xe4δ(z)
{
8
[
C˜1ψm1 + C˜2ψ
(+)
m2
]
σmnD̂nη1
+4iK(+)na
[
C˜3ψm1 + C˜4ψ
(+)
m2
]
σmnσaη1 − 6i
[
C˜5ψm1 + C˜6ψ
(+)
m2
]
σmη1
−
√
6iγmkFk5ˆ
[
C˜1ψm1 + C˜2ψ
(+)
m2
]
η1 + h.c.
}
, (10.16)
where the coefficients are
C˜1 = α11 + α(α12 + 1)
C˜2 = α12 + αα22
C˜3 = ε1ε3α11α
∗ − α12
C˜4 = α
∗(ε1ε3α12 − ε2ε3)− α22
C˜5 = −λ1 + λA˜1
C˜6 = −ε1ε2λ1α∗ + λA˜2 (10.17)
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with
A˜1 = α11(ε1ε4q
(+)
3 α
∗ + q∗12) + (α12 + 1)(q
(+)
3 − q12α∗)
A˜2 = α12(ε1ε4q
(+)
3 α
∗ + q∗12) + α22(q
(+)
3 − q12α∗)− (ε1ε2 + ε2ε4)q(+)3 α∗ . (10.18)
The total action is supersymmetric (subject only to the η2 = αη1 and Bm = 0 boundary
conditions) if all C˜i vanish. Comparing C˜i with Ci in Eq. (7.15), we see that this happens if
and only if
ε1ε3 = 1, ε2ε3 = −1, ε1ε2 = 1, ε1ε4 = 1, ε1ε2 + ε2ε4 = 0 . (10.19)
But this must be true when multiplied by δ(z)! Since we know that
ε2δ(z) =
1
3
δ(z), ε−2δ(z) = −δ(z) , (10.20)
we see that our bulk-plus-brane action is supersymmetric provided we choose
ε1 = ε(z), ε2 = ε3 = ε4 =
1
ε(z)
. (10.21)
10.5 Connection with earlier work
Since this assignment differs from
ε1 = ε2 = ε3 = ε4 = ε(z) , (10.22)
assumed in Ref. [7], let us reproduce that calculation in which the boundary conditions
K(+)ma = λema, ψ
(+)
m2 = αψm1 on Σ (10.23)
were used in checking supersymmetry of the bulk-plus-brane action.
If we use these boundary conditions in the supersymmetry variation of the action, we
find
δHS =
∫
d5xe4δ(z)
{
(C˜1 + αC˜2)
[
8ψm1σ
mnD̂nη1 −
√
6iγmkFk5ˆψm1η1
]
+6iM˜ψm1σ
mη1 + h.c.
}
, (10.24)
where
M˜ = −λ1(C˜3 + αC˜4)− (C˜5 + λC˜6) . (10.25)
We already saw in Eq. (7.24) that using the ψm2 boundary condition in the brane action
reduces the coefficients αij as follows,
(α11, α12, α22) −→ (−α, 0, 0) . (10.26)
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This makes
C˜1 = C˜2 = 0, C˜3 = −ε1ε3αα∗, C˜4 = −ε2ε3α∗
C˜5 = −λ1 − λα(ε1ε4q3α∗ + q∗12) + λ(q3 − q12α∗)
C˜6 = −ε1ε2λ1α∗ − λ(ε1ε2 + ε2ε4)q3α∗ (10.27)
and, therefore,
M˜ = λ1
[
1 + (ε1ε2 + ε1ε3 + ε2ε3)αα
∗
]
+λ
{
q12α
∗ + q∗12α+ q3
[
(ε1ε4 + ε1ε2 + ε2ε4)αα
∗ − 1]} . (10.28)
The action is supersymmetric provided M˜δ(z) = 0, which is equivalent to
(ε1ε2 + ε1ε3 + ε2ε3)δ(z) = δ(z) (10.29)
(ε1ε4 + ε1ε2 + ε2ε4)δ(z) = δ(z) , (10.30)
when Eq. (10.4) is taken into account. We see that both choices of εi(z), Eqs. (10.21) and
(10.22), satisfy these conditions!
We, therefore, conclude that checking supersymmetry with the boundary conditions taken
into account is insufficient to distinguish between the different εi(z) assignments. Without
the use of the boundary conditions, supersymmetry of the bulk-plus-brane action provides
more consistency checks and requires the assignment in Eq. (10.21). Namely,
η2 = ε(z)η
(+)
2 , ψm2 =
1
ε(z)
ψ
(+)
m2 , Kma =
1
ε(z)
K(+)ma , q3 =
1
ε(z)
q
(+)
3 . (10.31)
11. Fate of Bm terms on the orbifold
In this section we will write down the Bm and Fmn terms appearing in the supersymmetry
variation of the bulk-plus-brane action explicitly. We will find that they generally do not
cancel so that the use of the B
(+)
m = 0 boundary condition appears to be necessary for
supersymmetry.
11.1 Fmn terms in the supersymmetry variation
We consider first the Fmn terms. Those that appear in the supersymmetry transformations
and in the bulk action in the combination Fm5ˆ = e
5
5ˆ
Fm5 + e
n
5ˆ
Fmn, go through the supersym-
metry variation in this combination and cancel just as the Fm5 terms we considered in the
previous section. We will, therefore, omit them here. Among the remaining Fmn terms, we
need only the following terms in the bulk Lagrangian,
L5 = i
√
6
8
εmnpqFpq(ψm2σnψ52)e
5
5ˆ
+ h.c. , (11.1)
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and only the following terms in the supersymmetry transformations,
δHψm1 = +
1
2
√
6
(iǫm
nklσl + 4δ
n
mσ
k)η2Fnk
δHψm2 = − 1
2
√
6
(iǫm
nklσl + 4δ
n
mσ
k)η1Fnk . (11.2)
There are no “q3 ·FMN” terms, thus δ(1)H S5 = 0. The modification δ(2)H ψ52 = −4η(+)2 δ(z) gives
δ
(2)
H S5 =
∫
d5xe4δ(z)
[
− i
√
6
2
εmnpqFpq(ψm2σnη
(+)
2 ) + h.c.
]
. (11.3)
Using a σ-matrix identity (γmn ≡ ema ena),
σmp(iǫp
nklσl + 4δ
n
pσ
k) =
3
2
iǫmnklσl + (γ
kmσn − γknσm) , (11.4)
we find the following expression for the supersymmetry variation of the brane action,
δHS4 =
∫
d5xe4δ(z)
4
2
√
6
{(
α11ψm1 + α12ψ
(+)
m2
)(3
2
iǫmnklσl + γ
kmσn
)
η2Fnk
−(α12ψm1 + α22ψ(+)m2 )(32 iǫmnklσl + γkmσn)η1F (+)nk }+ h.c. (11.5)
Employing the εi(z) assignments and using the η
(+)
2 = αη1 boundary condition, we obtain the
following expression for the supersymmetry variation of our bulk-plus-brane action (showing
only the Fmn terms),
δHS =
∫
d5xe4δ(z)
4
2
√
6
F
(+)
nk
{3
2
iǫmnkl
[
Z1ψm1 + Z2ψ
(+)
m2
]
σlη1
+γkm
[
Z3ψm1 + Z4ψ
(+)
m2
]
σnη1
}
+ h.c. , (11.6)
where
Z1 = ε1ε5α11α
∗ − α12, Z2 = ε1ε5α12α∗ − α22 − ε2ε5α∗
Z3 = ε1ε5α11α
∗ − α12, Z4 = ε1ε5α12α∗ − α22 .
(11.7)
We find that we can make Z1 = Z2 = Z3 = 0 by choosing
ε5 =
1
ε(z)
⇐⇒ Bm = 1
ε(z)
B(+)m . (11.8)
But we are still left with Z4 = −α∗. In order to cancel the remaining piece in the supersym-
metry variation,
δHS =
∫
d5xe4δ(z)
{
− 4
2
√
6
α∗γkmF (+)nk
(
ψ
(+)
m2 σ
nη1
)}
+ h.c. , (11.9)
we have to use the boundary condition B
(+)
m = 0 on Σ. We note, however, that we need it
here only in its (seemingly) gauge invariant form: F
(+)
nk = 0 on Σ.
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11.2 Bm terms in the supersymmetry variation
Repeating the above steps, we find that the Bm terms give the following contributions,
δ
(1)
H S5 =
∫
d5xe4δ(z)
{
4
√
6iλq
(+)
3 (ψm2σ
mnη1 + ψm1σ
mnη2)Bn + h.c.} (11.10)
δ
(2)
H S5 =
∫
d5xe4δ(z)
{
4
√
6iλBn
[
q3ψm1 − q∗12
]
ψm1σ
mnη
(+)
2 + h.c.
}
(11.11)
δHS4 =
∫
d5xe4δ(z)4
√
6iλ
{(
α11ψm1 + α12ψ
(+)
m2
)
σmn(q∗12η2 − q3η1)Bn
−(α12ψm1 + α22ψ(+)m2 )σmn(q(+)3 η(+)2 + q12η1)B(+)n }+ h.c. (11.12)
The total contribution to the supersymmetry variation of our bulk-plus-brane action is the
sum of these three,
δHS =
∫
d5xe4δ(z)4
√
6iλB(+)n
{
W1ψm1σ
mnη1 +W2ψ
(+)
m2 σ
mnη1 + h.c.
}
, (11.13)
where
W1 = αα11q
∗
12 + α12q12 + q
(+)
3
[
ε1ε5α+ ε4ε5α− ε4ε5α11 + αα12
]
W2 = αα12q
∗
12 + α22q12 + q
(+)
3
[
ε2ε5 − ε4ε5α12 + αα22
]
. (11.14)
With our εi(z) assignments,
ε1 = ε(z), ε2 = ε3 = ε4 = ε5 =
1
ε(z)
, (11.15)
the coefficients simplify to
W1 = αα11q
∗
12 + α12q12 − αq(+)3
W2 = αα12q
∗
12 + α22q12 − q(+)3 (11.16)
and can also be rewritten as
W1 =
−α
1 + αα∗
[
(αq∗12 + q3) + α
∗(q12 + αq3)
]
W2 =
1
1 + αα∗
[
(α∗q12 − q3)− αα∗(αq∗12 + q3)
]
. (11.17)
These coefficients do not vanish unless α = 0 and q
(+)
3 = 0 (or λ = 0 for any α). In a
general case, we need to use the B
(+)
m = 0 boundary condition to cancel this part of the
supersymmetry variation.
This completes our check of supersymmetry of the bulk-plus-brane action, Eq. (10.1).
(We remind that we work only to quadratic order in fermions.) We found that besides the
boundary condition on the supersymmetry parameter, η
(+)
2 = αη1, we need to use only one
other boundary condition: B
(+)
m = 0.
In order to understand if the use of this boundary condition is forced on us by the
supersymmetry algebra, we have to understand when the U(1) gauge invariance is broken.
We discuss this in the next section.
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12. Gauge transformations on the orbifold
In this section we discuss the breaking of the general coordinate and the U(1) gauge invari-
ances on the orbifold. We come to the conclusion that in order to reproduce the results of
the boundary picture discussion, we need to modify all the gauge transformations on the
orbifold by making them non-singular ! We show how the supersymmetry transformations
are modified for a general Bm boundary condition, and find that the algebra of the modified
transformations closes as in the boundary picture.
12.1 Breaking of the general coordinate invariance
The variation of the bulk Lagrangian under the general coordinate transformation is a total
derivative,
δvL5 = DM (vML5) . (12.1)
In the boundary picture, this produces a boundary term, Eq. (3.1), the vanishing of which
requires v5 = 0 on the boundary, and in turn leads to the restriction η2 = αη1 on the
supersymmetry parameters. But on the orbifold the total derivative integrates to zero! And
it appears that the restriction (v5)(+) = 0 on the brane does not arise.
If we take the point of view that the orbifold picture should reproduce all the major
results of the boundary picture (such as the breaking of a gauge invariance), we are forced to
make some modifications.
The necessary modification comes naturally from the requirement that the gauge trans-
formations be the same in the both pictures both in the bulk and on the brane/boundary.
But if we take the transformations of the boundary picture and assume them to be literally
the same on the orbifold, we find that they are in general singular (and thus not well-defined)
on the brane! Indeed,
δvBm = v
n∂nBm + v
5∂5Bm +Bn∂mv
n +B5∂mv
5 = 2v5B(+)m δ(z) + . . .
δvB5 = v
n∂nB5 + v
5∂5B5 +Bn∂5v
n +B5∂5v
5 = 2(v5)(+)B5δ(z) + . . . , (12.2)
where the dots represent non-singular terms. (We used here the fact that on the orbifold v5
is odd, whereas vm is even.) In order for the transformations in the both pictures to agree on
the boundary, we have to modify the transformations for the orbifold picture by subtracting
the singular pieces! For the BM field, the modified general coordinate transformations are as
follows,
δ′vBm = δvBm − 2v5B(+)m δ(z)
δ′vB5 = δvB5 − 2(v5)(+)B5δ(z) . (12.3)
The transformations for other fields are appropriately modified. It is clear, that the variation
of the bulk Lagrangian under the modified general coordinate transformation produces now
additional brane-localized terms which vanish only when (v5)(+) = 0 on the brane. Therefore,
all the related conclusions of the boundary picture are now reproduced.
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12.2 Breaking of the U(1) gauge invariance
In the boundary picture, the variation of the bulk Lagrangian under the U(1) gauge trans-
formation is a total derivative (arising from the Chern-Simons term),
δuL5 = DK
[
− u 1
6
√
6
ǫMNPQKFMNFPQ
]
. (12.4)
It produces a boundary term, Eq. (5.5), which tells us that the bulk action is gauge invariant
only if some boundary condition is imposed. Namely, u = 0 or Fmn = 0 on the boundary.
On the orbifold, the total derivative is also generated, but it integrates to zero. It turns
out, however, that under the original U(1) gauge transformation, Eq. (2.9),
δuBM = ∂Mu, δuΨMi = u
√
6
2
λQi
jΨMj , (12.5)
we now do get brane-localized terms in the variation of the bulk Lagrangian.
The variation receives a new contribution on the orbifold because the modified covari-
ant derivative in Eq. (5.2) is not covariant under the U(1) gauge transformation when the
parameters are not constant,
δu(D˜MΨNi) = u
√
6
2
λQi
j(D˜MΨNj) + u
√
6
2
∂M (λQi
j)ΨNj . (12.6)
The variation of the Lagrangian relevant in the orbifold picture is, therefore,
δuL5 = i
2
Ψ˜iMΓ
MNK
[
u
√
6
2
∂N (λQi
j)ΨKj
]
. (12.7)
Since only q3 is not a constant, we obtain
δuS5 =
∫
d5xe4δ(z)
√
6
2
λu
[− 4iq(+)3 (ψm1σmnψn2) + h.c.] . (12.8)
Therefore, the bulk action is not gauge invariant if λq
(+)
3 6= 0.
Our brane Lagrangian is L4 = 2L(α)B (+), where L(α)B is the boundary Lagrangian of the
boundary picture without the Y -term. Its variation under the U(1) gauge transformation is
given in Eq. (7.33). Therefore, the brane Lagrangian is by itself gauge invariant only when
α = 0 (so that the Lagrangian vanishes) or when λ = 0 (so that the gauge transformation
does not act on the fermions).
It is easy to check that the bulk-plus-brane action is gauge invariant only when the bulk
and the brane actions are separately gauge invariant. (That is the sum of the two contributions
still vanishes only when α = 0 and q
(+)
3 = 0. Or when λ = 0.)
On the other hand, the boundary condition η
(+)
2 = αη1 is gauge invariant when
λ
[(
q12 + αq
(+)
3
)− α(αq∗12 − q(+)3 )] = 0 . (12.9)
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It follows that the U(1) gauge invariance in the orbifold picture is broken by either the
bulk-plus-brane action or the fermionic boundary condition unless λ = 0 !
Since this is drastically different from the way the U(1) gauge invariance is broken in the
boundary picture, we have to make some modifications if we would like the two pictures to
describe the same physics.
12.3 Modified U(1) gauge transformation
We found that taking the U(1) gauge transformation in the orbifold picture to be literally
the same as in the boundary picture leads to very different conclusions about the breaking of
the gauge invariance in the both pictures. Therefore, as in the case of the general coordinate
invariance, we are led to modify the U(1) gauge transformation in the orbifold picture. The
modification affects only B5,
δ′uB5 = ∂5u− 2u(+)δ(z) . (12.10)
(The parameter u is odd.) The modified transformation is non-singular on the brane and
coincides with the U(1) transformation induced on the boundary in the boundary picture,
δuB5 = ∂5u on ∂M ⇐⇒ δ′uB5 = ∂5u(+) on Σ . (12.11)
The variation of the bulk action under the modified U(1) gauge transformation produces
the following brane-localized term (from the variation of the Chern-Simons term in the bulk
Lagrangian),
δ′uS5 ∋
∫
d5xe4δ(z)
{
u(+)
2
6
√
6
ǫmnpqFmnFpq
}
, (12.12)
which is the orbifold version of Eq. (5.5).
For the covariant derivative defined in Eq. (5.2) we now obtain, instead of Eq. (12.6),
δu(D˜5ΨNi) = u
√
6
2
λQi
j(D˜5ΨNj)
+u
√
6
2
∂5(λQi
j)ΨNj +
√
6u(+)δ(z)(λQi
j)ΨNj . (12.13)
The variation of the the fermionic part of the bulk action now gets two contributions. (Let
us use the shorthand notation ψiψj ≡ ψmiσmnψnj for the following.) The first contribution,
arising from the jumping parameter q3 = ε4q
(+)
3 , is
δ′u
(1)S5 =
∫
d5xe4δ(z)
√
6
2
λu
[
− 4iq(+)3 ψ1ψ2 + h.c.
]
, (12.14)
and the second one, arising from the extra piece δ′u(2)B5 = −2u(+)δ(z) in the modified gauge
transformation, is
δ′u
(2)S5 =
∫
d5xe4δ(z)
√
6
2
λu(+)
[
− 4iq3ψ1ψ2 − 2iq12(ψ1ψ1 + ψ2ψ2) + h.c.
]
. (12.15)
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The variation of the brane action is twice that in Eq. (7.33), with ψm2 and q3 evaluated on
the M+ side of Σ. Namely,
δ′uS4 =
∫
d5xe4δ(z)
√
6iλu(+)
1 + αα∗
[
X1ψ1ψ1 +X2ψ1ψ
(+)
2 +X3ψ
(+)
2 ψ
(+)
2
]
+ h.c. , (12.16)
where
X1 = X
∗
3 = 2α
(
α∗q12 − q(+)3
)
, X2 = 2(αq
∗
12 − α∗q12) . (12.17)
The total variation of the fermionic part of the bulk-plus-brane action under the (modified)
U(1) gauge transformation is the sum of the three contributions,
δ′uS ∋
∫
d5xe4δ(z)
√
6iλu(+)
1 + αα∗
[
X˜1ψ1ψ1 + X˜2ψ1ψ
(+)
2 + X˜3ψ
(+)
2 ψ
(+)
2
]
+ h.c. , (12.18)
where
X˜1 = X1 − q12(1 + αα∗)
X˜3 = X3 + q
∗
12(1 + αα
∗)ε2ε2
X˜2 = X2 − 2q(+)3 (1 + αα∗)[εuε2 + ε2ε4] (12.19)
after all the εi(z) factors are separated. The εu is such a factor for the odd parameter u,
u(x, z) = εu(z)u
(+)(x, |z|) . (12.20)
With our εi(z) assignments, Eq. (10.21), we have ε2ε2δ(z) = −δ(z). Therefore,
X˜1 = X˜
∗
3 = α(α
∗ − q(+)3 )− (αq(+)3 + q12) , (12.21)
which is exactly the coefficient W in Eq. (7.30)! More than that, if we choose
εu = ε(z) , (12.22)
we get [εuε2+ε2ε4]δ(z) = 0, so that the equation (7.30) is reproduced completely! This means
that the fermionic part of our bulk-plus-brane action is now gauge invariant with the same
restriction on the parameters ~q and α, Eq. (7.28), as is necessary for the gauge invariance of
the boundary condition η
(+)
2 = αη1 !
After this choice of ~q and α is made, the variation of the bulk-plus-brane action under
the U(1) gauge transformation has only one uncanceled piece, Eq. (12.12),
δ′uS =
∫
d5xe4δ(z)
{
u(+)
2
6
√
6
ǫmnpqFmnFpq
}
, (12.23)
which is the orbifold picture analog of Eq. (5.5). Therefore, our modification of the gauge
transformations in the orbifold picture, Eq. (12.10), leads to agreement with conclusions of
the boundary picture.
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12.4 Modified supersymmetry transformations
The modification of the supersymmetry transformation for ψ52, Eq. (10.10), now becomes just
a part of the general modification of all the gauge transformations in the orbifold picture.
Indeed,
δ′Hψ52 = δHψ52 − 4η(+)2 δ(z) (12.24)
is an analog of Eq. (12.10) which makes the supersymmetry transformations non-singular on
the brane, so that the induced on the brane transformations are exactly the same as those in
the boundary picture.
The supersymmetry transformations should also be modified when the boundary condi-
tion on Bm is no longer B
(+)
m = 0, but instead B
(+)
m = Jm. This happens, for example, when
one couples the Bm field to some brane-localized matter. The Jm is then a composite of the
brane matter fields. (The coupling of brane-localized matter to the bulk supergravity in five
dimensions is discussed in Refs. [29, 30, 31, 32, 33, 34].)
The necessary modifications in the supersymmetry transformations can be obtained sim-
ply by the following substitution,
Fm5 −→ Fm5 + 2Jmδ(z) , (12.25)
which makes the (modified) transformations non-singular when the boundary condition B
(+)
m =
Jm is taken into account. (From our analysis [13] of the Mirabelli and Peskin model, we know
that we need this substitution, and not Fm5 → Fm5 + 2B(+)m δ(z). The reason is that
the supersymmetry variations of B
(+)
m and Jm are different, which plays a role when the
supersymmetry algebra is calculated.)
Explicitly, the modified supersymmetry transformations are
δ′Hψm1 = δHψm1 −
8i
2
√
6
(σm
n + δnm)η1Jne
5
5ˆ
δ(z)
δ′Hψm2 = δHψm2 −
8i
2
√
6
(σm
n + δnm)η2Jne
5
5ˆ
δ(z)
δ′Hψ51 = δHψ51 −
8
2
√
6
σnη2Jnδ(z) +
8i
2
√
6
em
5ˆ
(σm
n + δnm)η1Jnδ(z)
δ′Hψ52 = δHψ52 +
8
2
√
6
σnη1Jnδ(z) +
8i
2
√
6
em
5ˆ
(σm
n + δnm)η2Jnδ(z) − 4η(+)2 δ(z) .
(12.26)
It remains to see whether these are the correct modifications for a particular model. What we
can check at the moment is the closure of the supersymmetry algebra on the bosonic fields.
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Let us consider the commutator of the two (modified) supersymmetry transformations
on B5. We find,
[δ′Ξ, δ
′
H]B5 = i
√
6
2
(η1δ
′
Ξψ52 − η2δ′Ξψ51)
= [δΞ, δH]B5 +
{
2i
√
6(η
(+)
2 ξ1 − η1ξ(+)2 )δ(z)
+4i(η1σ
nξ1 + η2σ
nξ2)Jnδ(z) + 4(η2ξ1 − η1ξ2)en5ˆJnδ(z) + h.c.
}
.
(12.27)
From the (original) supersymmetry algebra, Eq. (2.6), we know that
[δΞ, δH]B5 = δvB5 + δuB5
= vn∂nB5 + v
5∂5B5 +Bn∂5v
n +B5∂5v
5 + ∂5u , (12.28)
where (see Eq. (2.10))
u = −vmBm − v5B5 + u0
vm = 2i(η1σ
mξ1 + η2σ
mξ2) + 2e
m
5ˆ
(η2ξ1 − η1ξ2) + h.c.
u0 = −i
√
6(η2ξ1 − η1ξ2) + h.c. (12.29)
We can, therefore, write
[δΞ, δH]B5 = vnFn5 + ∂5u0 , (12.30)
whereas for the commutator of the modified supersymmetry transformations we find
[δ′Ξ, δ
′
H]B5 = v
n[Fn5 + 2Jnδ(z)] + [∂5u0 − 2u(+)0 δ(z)] . (12.31)
This is one explicit check of the fact that the commutator of the modified supersymmetry
transformations closes onto the modified gauge transformations. (It is, actually, obvious. The
commutator of two non-singular transformations must be non-singular !)
But in order that the algebra of the modified gauge transformations close without the
use of the boundary conditions, we should correct our modified general coordinate transfor-
mations, Eq. (12.3), by replacing there B
(+)
m with Jm (and similarly for other odd fields).
Then,
δ′vBm = δvBm − 2v5Jmδ(z) . (12.32)
The modified transformation is, therefore, non-singular only when the boundary condition
B
(+)
m = Jm is taken into account. If the natural boundary condition for Bm is B
(+)
m = 0, then
no modification is necessary.
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13. Brane-localized matter
In this section we argue that the preservation of the bulk U(1) gauge invariance is necessary
if the brane-localized matter is to provide a non-zero boundary condition for the bulk Bm
field. We show that a seemingly gauge non-invariant boundary condition B
(+)
m = Jm can
in fact be gauge invariant, if the brane fields transform appropriately under the bulk U(1)
transformation. We also find that a similar boundary condition exists in the Horava and
Witten model.
13.1 Preserving the bulk U(1) gauge invariance
Let us discuss the addition of the brane-localized matter a little bit further. As in Section
12.4, all we will use is that the boundary condition for Bm is modified to B
(+)
m = Jm, where
Jm is a composite of the brane-localized fields.
We found that we need to make a modification of our gauge transformations by making
them non-singular. The modified transformations coincide with those of the boundary picture
exactly, both in the bulk and on the brane/boundary. Therefore, all the conclusions of the
boundary picture discussion hold in the orbifold picture as well. In particular, if the U(1)
gauge invariance is broken, then the closure of the supersymmetry algebra requires (because
of Eq. 4.6) the B
(+)
m = 0 boundary condition. But now this boundary condition is inconsistent
with the natural boundary condition B
(+)
m = Jm. The only way out is to preserve the U(1)
gauge invariance.
We can try the following approach. In parallel with the modification of the supersym-
metry transformations, we make the same substitution (12.25),
Fm5 −→ F ′m5 = Fm5 + 2Jmδ(z) , (13.1)
in the bulk action. The modified action then has B
(+)
m = Jm as its natural boundary condition.
Indeed, the BM equation of motion is now
DMF
MK − 3
6
√
6
ǫMNPQKFMNFPQ = 0 (13.2)
(omitting the 2-Fermi terms), where Fm5 should be replaced by F
′
m5. The cancellation of the
singular terms requires F ′m5 to be non-singular, which determines the jump of Bm across the
brane. The parity assignment (Bm is odd) then implies the boundary condition B
(+)
m = Jm.
Under the modified U(1) gauge transformation, Eq. (12.10),
δ′uB5 = ∂5u− 2u(+)δ(z) , (13.3)
the original Fm5 is not invariant, whereas the modified F
′
m5 can be made invariant, if we
choose a special transformation for Jm,
δ′uJm = ∂mu
(+) ⇒ δ′uF ′m5 = 0 . (13.4)
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Since the gauge transformation for Bm is unmodified, δ
′
uBm = ∂mu, its restriction on the
brane is
δ′uB
(+)
m = ∂mu
(+) on Σ , (13.5)
which means that the boundary condition B
(+)
m = Jm is now gauge invariant !
But the modified bulk-plus-brane action is not yet gauge invariant. Its variation under
the modified U(1) gauge transformation is still given by Eq. (12.23). It appears that there is
no way to cancel it, at least without the use of the boundary condition for Bm. (Note that
adding any term with Bm in the brane action would now break the construction, giving a
different boundary condition for Bm.) But if we use the B
(+)
m = Jm boundary condition, we
can write Eq. (12.23) as follows,
δ′uS =
∫
d5xe4δ(z)
{
u(+)
2
6
√
6
ǫmnpqJmnJpq
}
, (13.6)
where Jmn = ∂mJn − ∂nJm. This, in principle, can be canceled by the variation of the brane
action (excluding terms which combine into F ′m5 = Fm5 + 2Jmδ(z)).
For example, suppose that the matter fields on the brane include a scalar φ and two
vectors, Am and Cm. Take their transformations under the bulk U(1) to be as follows,
δ′uφ = u
(+), δ′uAm = ∂mu
(+), δ′uCm = 0 . (13.7)
Let the brane action (before coupling) contain φ and Am only via Amn ≡ ∂mAn − ∂nAm and
Dmφ = ∂mφ − Am, so that it is gauge invariant. Now couple the brane fields to the bulk
supergravity in the way described above, taking
Jm = ∂mφ+ Cm , (13.8)
which has the correct gauge transformation, δ′uJm = ∂mu(+). The resulting action is not yet
gauge invariant, because Eq. (13.6) gives
δ′uS =
∫
d5xe4δ(z)
{
u(+)
2
6
√
6
ǫmnpqCmnCpq
}
, (13.9)
where Cmn ≡ ∂mCn − ∂nCm. But it is now easy to make it gauge invariant by adding a term
of the form φ ǫmnpqCmnCpq to the brane action.
We conclude, therefore, that adding brane-localized matter can help restore the invariance
of the bulk-plus-brane action (and of the associated with it natural boundary conditions)
under the bulk U(1) gauge transformation. The preservation of this invariance is necessary
for supersymmetry as we argued based on the closure of the supersymmetry algebra.
We also would like to emphasize that it appears to be impossible to maintain the gauge
invariance without the use of the Bm boundary condition.
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13.2 Modified Bianchi identity
The modified field strength, F ′MN , which we introduced satisfies the following modified
Bianchi identity,
(dF ′)5nk =
1
3
(∂5F
′
nk + ∂nF
′
k5 − ∂kF ′n5) =
2
3
Jnkδ(z) , (13.10)
where (dF )MNK ≡ ∂[MFNK] and Jmn ≡ ∂mJn − ∂nJm. This is not a surprise, since our
construction in the previous subsection is analogous to the construction used by Horava and
Witten [1]. But while they came to the modification of the bulk field strength in order to
preserve the brane-localized gauge invariance, we need it to preserve the bulk gauge invariance.
And our modification is forced on us by the supersymmetry algebra!
Note that Horava and Witten write their boundary condition, Eq. (2.20) in Ref. [1], in
a form which appears to be manifestly gauge invariant (under both the brane and the bulk
gauge invariances). The form is analogous to our F
(+)
mn = Jmn. However, this relation is
derivative from the basic boundary condition B
(+)
m = Jm. There is a similar not manifestly
gauge invariant boundary condition in the Horava and Witten model.
The boundary condition B
(+)
m = Jm follows from our (modified) action as a natural
boundary condition, since now F ′m5 must be non-singular to avoid uncanceled singularities
in the BM equation of motion. It is exactly what Horava and Witten say after Eq. (2.18) in
Ref. [1]. Their Eq. (2.13) then implies the boundary condition C
(+)
ABC ∼ ωABC , from which
their Eq. (2.20) follows. This boundary condition can be made invariant under the brane
gauge invariance, provided that CABC transforms under the brane gauge transformation like
ωABC in their Eq. (2.14). However, it is unclear how to achieve the bulk gauge invariance
(δCIJK = ∂[IΛJK] with arbitrary ΛIJ) of this boundary condition.
The boundary condition C
(+)
ABC ∼ ωABC was also found in Refs. [35, 36] (although there
it was not derived as a natural boundary condition following from the action, but simply
imposed for consistency). The transformation of CABC necessary to preserve the brane gauge
invariance is provided there, but the preservation of the bulk gauge invariance is not discussed.
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14. Summary and Conclusions
In this paper we constructed a bulk-plus-boundary action with the five-dimensional gauged
(on-shell) supergravity in the bulk which is supersymmetric upon the use of the minimum
set of boundary conditions dictated by the supersymmetry algebra. In a general case when
the supersymmetry parameter Hi is restricted by η2 = αη1 on the boundary, we found that
only the boundary condition Bm = 0 have to be used to prove supersymmetry to second
order in fermions. Other boundary conditions following from the action, Kma = λ1ema and
ψm2 = αψm1 on ∂M, are not needed in the proof of supersymmetry of the action.
The necessary ingredient of our boundary action is the Gibbons-Hawking-like Y -term
presented in Eq. (9.2),
Y = K + (ψm1σ
mnψn2 + h.c.) + γ
mnFm5ˆBn (14.1)
(where we used e5ˆ5F
m5 = γmnFn5ˆ as follows from Eq. (D.10)). It includes
1) the standard Gibbons-Hawking term (the trace of the extrinsic curvature) which allows
the derivation of the boundary condition Kma = λ1ema as a natural boundary condition
corresponding to the variation δema [12];
2) a fermionic term, which leads to the derivation of ψm2 = αψm1 as a natural boundary
condition for δψm1;
3) another bosonic term, which lets us derive the Bm = 0 boundary condition as a natural
boundary condition.
We argued that the Y -term can be derived most easily from the fact that it must match
onto the brane-localized singularities of the bulk Lagrangian. (This can be used to derive
appropriate additions to the Y -term when higher order Fermi terms are considered.)
In the transition to the orbifold picture, the Y -term disappears. The rest of the boundary
action becomes (after the multiplication by 2) the brane action with which supersymmetry
of the bulk-plus-brane action in the orbifold picture can once again be proven using only the
minimum set of the boundary conditions. We found, however, that one also has to choose
unconventional ε(z) assignments for the odd fields and parameters, Eqs. (10.21),
η2 = ε(z)η
(+)
2 , ψm2 =
1
ε(z)
ψ
(+)
m2 , Kma =
1
ε(z)
K(+)ma , q3 =
1
ε(z)
q
(+)
3 . (14.2)
and use the property ε(z)−2δ(z) = −δ(z).
The reason for such ε(z) assignments is unclear. (Perhaps, the explanation can come from
a smooth realization of the supersymmetric Randall-Sundrum scenario.) We can only observe
that together with the Eq. (12.22), u = ε(z)u(+) (where u is the odd parameter of the U(1)
gauge transformation), there is an indication that odd parameters of local transformations
come with ε(z), whereas other fields and parameters come with 1/ε(z). (There is a slight
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problem with such a conclusion, because the equation (11.8) and the discussion in Section 9.5
seem to indicate that
Bm =
1
ε(z)
B(+)m , e5a = ε(z)e
(+)
5a . (14.3)
But the evidence provided for these assignments is not on a very firm footing.)
Another important conclusion of this work is that in the orbifold picture all local trans-
formations have to be modified by the addition of brane-localized terms. The modifications
must be such that the modified transformations become non-singular on the brane when the
natural boundary conditions (encoded in the action) are used. This is the reason both for
the modification of δHψ52 in Refs. [4, 7] and for the “modification of the Bianchi identity” in
the Horava-Witten model [1].
We also note that our results (concerning the boundary picture) are in agreement with
the recent work of Moss [35, 36], who did a similar analysis for the eleven-dimensional su-
pergravity. The use of the fermionic boundary condition there is necessary, according to
our discussion, precisely because higher order fermionic terms are considered. Our approach
to the Y -term can be employed there to derive the boundary condition for CABC from the
bulk-plus-boundary action (instead of just postulating it for consistency).
Finally, it would be interesting to see how the analysis presented here for the case of
on-shell supergravity can be done for off-shell supergravity of Zucker [18]. One question this
could answer is whether the boundary condition Bm = 0 is, actually, an “auxiliary boundary
condition” (see Section 9.4) similar to Φ = 0 in the Mirabelli and Peskin model (in the absence
of brane-localized matter) [13].
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A. Conventions
We follow conventions of Ref. [7]. Our indices are
M,N,P,Q,K curved space M = {m, 5} m = {0, 1, 2, 3}
A,B,C,D,E tangent space A = {a, 5ˆ} a = {0ˆ, 1ˆ, 2ˆ, 3ˆ}
i, j SU(2) i = {1, 2}.
(A.1)
We denote the determinant of an n-bein by en: e5 = dete
A
M , e4 = dete
a
m. We use the fu¨nfbein
eAM to relate the two types of indices, e.g.
gMN = e
A
Me
B
NηAB , ǫ
MNPQK = eMA e
N
B e
P
Ce
Q
De
K
E ǫ
ABCDE . (A.2)
It also defines the torsion-free connection,
ω(e)MAB =
1
2
eNA e
K
B (CMNK + CNMK − CKMN) , (A.3)
where CMNK = eMC(∂Ne
C
K − ∂KeCN ). The covariant derivative is defined to act as follows,
D(ω)MΨ
A
N = ∂MΨ
A
N + ωMC
AΨCN − Γ(ω)KMNΨAK +
1
4
ωMBCΓ
BCΨAN , (A.4)
where the spinor indices on Ψ and ΓBC are implicit. The Christoffel connection is made
dependent by imposing DMe
A
N = 0, which implies
ΓKMN = ωMN
K + eKA ∂Me
A
N . (A.5)
The curvature tensor is defined by
RMNAB = ∂MωNAB − ∂NωMAB + ωNACωMCB − ωMACωNCB , (A.6)
and the scalar curvature is R = eMARMA = e
MAeNBRMNAB.
The gamma matrices obey the following relations,
{ΓA,ΓB} = −2ηAB , ΓABCDE = −ǫABCDE
ΓABCD = ǫABCDEΓE , Γ
ABC =
1
2
ǫABCDEΓDE , (A.7)
where ΓA1...An are antisymmetrized with “strength one”, e.g. ΓAB = 12(Γ
AΓB − ΓBΓA). The
metric and the Levi-Civita tensor are determined by
ηAB = diag(−++++), ǫ0ˆ1ˆ2ˆ3ˆ5ˆ = +1, ǫabcd5ˆ = ǫabcd . (A.8)
In reduction to the two-component notation [37] we use the following representation of the
gamma matrices,
Γa =
(
0 σa
σa 0
)
, Γab = 2
(
σab 0
0 σab
)
, Γabc = iǫabcd
(
0 σd
−σd 0
)
(A.9)
Γ5ˆ =
(
−i 0
0 i
)
, Γa5ˆ = i
(
0 σa
−σa 0
)
, Γab5ˆ = 2i
(
−σab 0
0 σab
)
. (A.10)
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A four-component Dirac spinor Ψ, its Dirac conjugate Ψ and its Majorana conjugate Ψ˜ are
written in terms of two-component spinors ψ1 and ψ2 as follows,
Ψ =
(
ψ1
ψ2
)
, Ψ = (ψ2, ψ1), Ψ˜ = (−ψ1, ψ2). (A.11)
A symplectic Majorana spinor Ψi satisfies Ψ˜
i = Ψi, where index i can be raised and lowered
with an antisymmetric tensor εij. We use the following representation,
Ψ1 = −Ψ2 =
(
ψ1
ψ2
)
, Ψ2 = Ψ
1 =
(−ψ2
ψ1
)
. (A.12)
The following identities are satisfied,
Ψ˜
→
Γ H = H˜
←
Γ Ψ, Ψ˜i
→
Γ Hi = −H˜i
←
Γ Ψi, Qi
jΨ˜i
→
Γ Hj = QijH˜i
←
Γ Ψj , (A.13)
where
→
Γ= ΓA1ΓA2 . . .ΓAn ,
←
Γ= ΓAn . . .ΓA2ΓA1 and
Qi
j = i~q · ~σ = i
(
q3 q1 − iq2
q1 + iq2 −q3
)
. (A.14)
Also, for arbitrary symplectic Majorana spinors we have
iΨ˜i
→
Γ Hi = iΨ1
→
Γ H1 + h.c.
iΨ˜i
→
Γ Qi
jHj = −q3Ψ1
→
Γ H1 − q12Ψ2
→
Γ H1 + h.c. , (A.15)
where q12 = q1 + iq2. These identities allow a straightforward reduction of the action and
supersymmetry transformations to the two-component expressions. The following set of ex-
pressions is especially helpful,
ΨH = ψ2η1 + ψ2η2, ΨΓ5ˆH = −i(ψ2η1 − ψ1η2)
ΨΓaH = ψ2σaη2 + ψ1σaη1, ΨΓa5ˆH = i(ψ2σaη2 − ψ1σaη1)
ΨΓabH = 2(ψ2σabη1 + ψ1σabη2), ΨΓab5ˆH = −2i(ψ2σabη1 − ψ1σabη2) . (A.16)
Finally,
ΨΓabcdH = ǫabcdΨΓ5ˆH, ΨΓabc5ˆH = −ǫabcdΨΓdH. (A.17)
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B. Gibbons-Hawking boundary term
We define the extrinsic curvature as 13
KMN = PM
KPN
LDKnL , (B.1)
where nM is the (outward pointing) unit vector normal to the boundary ∂M, and
PM
N = δNM − nMnN (B.2)
is a projector onto the boundary, PM
NnN = 0. The trace of the extrinsic curvature is
K = gMNKMN . (B.3)
One can show [15] that its general variation gives
δK = KMNe
M
A δe
NA + nM (e
MAeNBδωNAB) + PM
KDK(e
L
APL
MnNδe
NA) . (B.4)
The last term is a total tangential derivative which vanishes upon integrating over ∂M. Since
δ
∫
M
(
−1
2
R
)
=
∫
M
(
RMA −
1
2
ReMA
)
δeAM +
∫
∂M
(−nMeMAeNBδωNAB) , (B.5)
we see that the Einstein-Hilbert action with the Gibbons-Hawking boundary term,
SEH+GH = −1
2
∫
M
R+
∫
∂M
K , (B.6)
under the general variation gives
δSEH+GH =
∫
M
(
RMA −
1
2
ReMA
)
δeAM +
∫
∂M
(KMN −KPMN ) eNA δeMA . (B.7)
The Gibbons-Hawking term makes only the variation of the metric (vielbein eMA) appear in
the boundary term of the general variation of the total action. This improves the variational
principle, allowing both the use of the Dirichlet boundary conditions for the metric,
δeAM = 0 on ∂M , (B.8)
and the derivation of the “natural” (generalized Neumann) boundary conditions,
KMN −KPMN = SMN on ∂M , (B.9)
where SMN represents a contribution from a boundary action.
13For a detailed discussion of the extrinsic curvature see Refs. [38, 39, 40].
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C. Why we choose n5 = −e5ˆ5
The Stokes’s theorem states (see, e.g., Ref. [40])∫
M
d5xe5(DMK
M ) =
∫
M
d5x∂M (e5K
M ) =
∫
∂M
d4xeind4 (nMK
M) , (C.1)
where (denoting by gindmn the induced four-dimensional metric on ∂M)
e5 = det eMA =
√
|det gMN | (C.2)
eind4 = det e
ind
ma =
√
|det gindmn| , (C.3)
and nM 1) is orthogonal to ∂M; 2) has the unit norm, gMNnMnN = 1; 3) is outward pointing.
With our description of ∂M as a hypersurface x5 = const, the first condition implies that
only n5 6= 0, the second says
n5 = ± 1√
g55
, (C.4)
and the third has to do with choosing one of the two signs.
In our gauge (e5ˆm = 0), we have g
55 = e5
5ˆ
e5
5ˆ
and e5ˆ5e
5
5ˆ
= 1, thus
n5 = ±e5ˆ5 . (C.5)
In this gauge we also have gindmn = e
a
mena and, therefore, we can choose the induced vierbein
as eindma = ema and obtain e5 = e4e
5ˆ
5.
Let us assume that our M is a strip x5 ≡ z ∈ [z1, z2] and Σ denotes an x5 = const
hypersurface. The Stokes’s theorem can then be written as∫
Σ
d4x
∫ z2
z1
dz∂5(e4e
5ˆ
5K
5) =
∫
∂M
d4xe4(n5K
5) , (C.6)
and, therefore,
(e5ˆ5K
5)|z2 − (e5ˆ5K5)|z1 = (n5K5)|z2 + (n5K5)|z1 . (C.7)
This means that for the Stokes’s theorem to hold (that is for nM to be “outward pointing”),
we should choose
n5 = −e5ˆ5 at z1 and n5 = +e5ˆ5 at z2 . (C.8)
This choice coincides with the intuitive one when e5ˆ5 > 0.
WhenM =M+ = R1,3×[0,+∞), the outward pointing nM at z = 0 has n5 = −e5ˆ5. With
this choice, the boundary conditions we obtain on ∂M coincide with the boundary conditions
“on the positive side of the brane” (that is “at z = +0”) and thus directly correspond to the
boundary conditions in Refs. [7] and [8].
– 50 –
D. Our gauge
Our gauge choice is e5ˆm = 0. Thus,
e5ˆm = 0, e
5
a = 0, e
a
5 6= 0, em5ˆ 6= 0 . (D.1)
Since eMA is the inverse to e
A
M ,
eAMe
N
A = δ
N
M , e
M
A e
B
M = δ
B
A , (D.2)
in this gauge we have
eame
n
a = δ
n
m, e
m
a e
b
m = δ
b
a, e
5ˆ
5e
5
5ˆ
= 1, em
5ˆ
= −ea5ema e55ˆ . (D.3)
D.1 Metric tensor
For the metric tensor gMN we obtain
gmn = γmn, gm5 = g5m = Nm, g55 = γ
mnNmNn +N
2 , (D.4)
where we defined
γmn ≡ eamena, Nm ≡ ea5ema, N = e5ˆ5 , (D.5)
and γmn is the inverse to γmn,
γmn ≡ emaena , γmkγkn = δnm . (D.6)
Defining
Nm ≡ γmnNn = ea5ema = −Nem5ˆ , (D.7)
the inverse five dimensional metric tensor gMN can be written as
gmn = γmn +N−2NmNn, gm5 = g5m = −N−2Nm, g55 = N−2 . (D.8)
D.2 Field strength
Components of FMN = gMKgNLFKL for the field strength FMN = ∂MBN − ∂NBM are
Fmn = gmkgnlFkl + (g
mkgn5 − gnkgm5)Fm5
Fm5 = gmngk5Fnk + (g
mng55 − gm5gn5)Fn5 . (D.9)
We can write this in a more convenient form,
Fmn = γmkγnlFkl + γ
mken
5ˆ
Fk5ˆ − γnkem5ˆ Fk5ˆ, Fm5 = γmne55ˆFn5ˆ , (D.10)
where we defined
Fm5ˆ ≡ e55ˆFm5 + en5ˆFmn . (D.11)
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D.3 Spin connection
We use the following spin connection,
ωMAB = e
N
A e
K
BωMNK , ωMNK =
1
2
(CMNK + CNMK − CKMN) , (D.12)
where
CMNK = eMC(∂Ne
C
K − ∂KeCN ) . (D.13)
We find that in our gauge
Cmnk = Ĉmnk, Cmn5 = umn
C5mn = N
kĈkmn, C5n5 = N
kukn +N∂nN , (D.14)
where
Ĉmnk ≡ emc(∂neck − ∂kecn), umn ≡ emc(∂nec5 − ∂5ecn) . (D.15)
The spin connection coefficients are given by
ωmab =
1
2
enae
k
b (Ĉmnk + Ĉnmk − Ĉkmn) (D.16)
ω5ab =
1
2
NnĈnab − 1
2
(uab − uba) (D.17)
ωma5ˆ = −
1
2
N−1Nk(Ĉmak + Ĉamk) +
1
2
N−1(uam + uma) (D.18)
ω5a5ˆ = −
1
2
N−1NnNkĈnak +
1
2
N−1Nk(uka + uak) + ena∂nN . (D.19)
We see that in our gauge there are no ∂5Nm in any of ωMAB, which means that the spin
connection coefficients are non-singular, i.e. contain no δ(z), in the orbifold picture!
D.4 Extrinsic curvature
Our (outward pointing) unit vector normal to the boundary ∂M is
nM = (0m,−N), nM = (N−1Nm,−N−1) . (D.20)
This gives the following projector onto the boundary,
PMN =
(
γmn 0
0 0
)
PM
N =
(
δnm 0
Nn 0
)
PMN =
(
γmn Nm
Nn N
kNk
)
, (D.21)
and the extrinsic curvature,
KMN =
(
Kmn 0
0 0
)
KMN =
(
Kmn N
kKmk
NkKkn N
kN lKkl
)
, (D.22)
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where
Kmn = −Γ5mnn5, Kmn = γmkγnlKkl . (D.23)
The trace of the extrinsic curvature is
K ≡ gMNKMN = γmnKmn = γmnKmn = −γmnΓ5mnn5 . (D.24)
Using the relation between the Christoffel symbols and the spin connection,
DMe
A
N ≡ ∂MeAN + ωMCAeCN − ΓKMNeAK = 0 , (D.25)
we find
Γ5mn = ωmn
5 + e5A∂me
A
n = e
a
nωma
5ˆe5
5ˆ
+ eanωma
be5b + e
5ˆ
nωm5ˆ
be5b + e
5
a∂me
a
n + e
5
5ˆ
∂me
5ˆ
n . (D.26)
But all the terms in the second line vanish in our gauge, so
Γ5mn = e
a
nωma
5ˆe5
5ˆ
. (D.27)
Therefore, we obtain
Kma ≡ enaKmn = ωma5ˆ, K = emaKma . (D.28)
This gives a geometrical meaning to the spin connection coefficient ωma5ˆ .
D.5 Advantages of the e5ˆm = 0 gauge
The following properties are unique to our gauge, e5ˆm = 0. (Another simple gauge, e
a
5 = 0,
frequently used in the Kaluza-Klein reductions,14 does not enjoy these properties.)
1. eam is an induced vierbein on a slice x
5 = const.
2. ωmab is a spin connection for e
a
m.
3. D̂me
a
n = ∂me
a
n + ωmc
aecn − Γkmneak = 0, where ωmab and Γkmn are elements of ωMAB and
ΓKMN .
4. There is a simple relation between the extrinsic curvature and a spin connection coeffi-
cient: Kma = ωma5ˆ .
5. There are no δ(z)-terms in any of the spin connection coefficients ωMAB.
6. The compensating local Lorentz rotation (with the parameter ωa5ˆ; see below) leaves
the supersymmetry transformation of eam unchanged.
14See, e.g., the paper by Chamseddine and Nicolai in Ref. [19].
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E. Supersymmetry transformations
In our gauge and in the two-component spinor notation, the supersymmetry transformations
of Eqs. (2.1–2.3) (dropping the 3-Fermi terms in the δΨMi) can be written as follows,
δHeam = −i(ψm1σaη1 + ψm2σaη2) + h.c.
δHea5 = −i(ψ51σaη1 + ψ52σaη2) + h.c.
δHe5ˆm = −ψm2η1 + ψm1η2 + h.c.
δHe5ˆ5 = −ψ52η1 + ψ51η2 + h.c.
δHBm = i
√
6
2
(ψm2η1 − ψm1η2) + h.c.
δHB5 = i
√
6
2
(ψ52η1 − ψ51η2) + h.c. (E.1)
δHψm1 = 2D̂mη1 + iωma5ˆσ
aη2 + iλσm(q
∗
12η1 + q3η2)− i
√
6λ(q3η1 − q∗12η2)Bm
+
1
2
√
6
{
− 4i(σmn + δnm)η1(e55ˆFn5 + ek5ˆFnk) + [iǫmnklσl + 4δnmσk]η2Fnk
}
δHψm2 = 2D̂mη2 − iωma5ˆσaη1 + iλσm(q3η1 − q12η2) + i
√
6λ(q3η2 + q12η1)Bm
+
1
2
√
6
{
− 4i(σmn + δnm)η2(e55ˆFn5 + ek5ˆFnk)− [iǫmnklσl + 4δnmσk]η1Fnk
}
δHψ51 = 2D̂5η1 + iω5a5ˆσ
aη2 + λ(e
5ˆ
5 − i
√
6B5)(q3η1 − q∗12η2)
+
1
2
√
6
{
− 4(σnη2 − ien5ˆη1)Fn5 − 4ie5aσanη1(e55ˆFn5 + ek5ˆFnk)
+(−2ie5ˆ5σnkη1 + ie5aǫanklσlη2)Fnk
}
δHψ52 = 2D̂5η2 − iω5a5ˆσaη1 − λ(e5ˆ5 − i
√
6B5)(q3η2 + q12η1)
+
1
2
√
6
{
+ 4(σnη1 + ie
n
5ˆ
η2)Fn5 − 4ie5aσanη2(e55ˆFn5 + ek5ˆFnk)
+(−2ie5ˆ5σnkη2 − ie5aǫanklσlη1)Fnk
}
, (E.2)
where
D̂Mη = ∂Mη +
1
2
ωMabσ
abη . (E.3)
Note that all ea5 and e
m
5ˆ
have been explicitly separated out (thus, σm = ema σ
a and so on).
However, we have to modify the supersymmetry transformations by a compensating
Lorentz transformation (ωAB = −ωBA),
δωe
A
M = e
B
MωB
A, δωΨMi =
1
4
ωABΓ
ABΨMi , (E.4)
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in order to stay in our e5ˆm = 0 gauge. Using only off-diagonal coefficient ω
a5ˆ,
δωe
a
m = −em5ˆωa5ˆ, δωea5 = −e55ˆωa5ˆ, δωe5ˆm = emcωc5ˆ, δωe5ˆ5 = e5cωc5ˆ . (E.5)
We define the modified supersymmetry transformations by
δ′He
A
M = δHe
A
M + δωe
A
M . (E.6)
We want the supersymmetry variation to preserve e5ˆm = 0,
δ′He
5ˆ
m = δHe
5ˆ
m + emcω
c5ˆ = 0 , (E.7)
which fixes
ωa5ˆ = −emaδHe5ˆm = ema(ψm2η1 − ψm1η2) + h.c. (E.8)
The modified supersymmetry transformations, therefore, are
δ′He
a
m = δHe
a
m (E.9)
δ′He
a
5 = δHe
a
5 + e55ˆe
maδHe5ˆm (E.10)
δ′He
5ˆ
m = 0 (E.11)
δ′He
5ˆ
5 = δHe
5ˆ
5 − ea5ema δHe5ˆm . (E.12)
Note that the supersymmetry variation of the eam stays the same, which is one of the advan-
tages of our gauge.
The gravitino supersymmetry transformations also get modified, but only in the 3-Fermi
terms (since ωa5ˆ is 2-Fermi) which we omit.
F. Bulk Lagrangian
The fermionic part of the bulk supergravity Lagrangian is
L5F = i
2
Ψ˜iMΓ
MNKDNΨKi − i
√
6
8
FMN Ψ˜iMΨNi − i
√
6
16
FMN Ψ˜
i
PΓ
MNPQΨQi
+i
3
4
λQi
jΨ˜iMΓ
MNΨNj − i
√
6
4
λQi
jΨ˜iMΓ
MNKΨKjBN . (F.1)
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In the two-component spinor notation it becomes
L5F = 1
2
ǫmnkl(ψm2σlDnψk2 + ψm1σlDnψk1) + (ψm1σ
mnD5ˆψn2 − ψm2σmnD5ˆψn1)
+(ψm2σ
mnDnψ5ˆ1 − ψ5ˆ1σmnDmψn2) + (ψ5ˆ2σmnDmψn1 − ψm1σmnDnψ5ˆ2)
−i
√
6
4
[
γmkγnlFkl(ψm2ψn1) + γ
mkFk5ˆ(ψm2ψ5ˆ1 − ψm1ψ5ˆ2)
]
−
√
6
8
ǫmnpq
[
Fpq(ψm2ψn1)− iFpq(ψm2σnψ5ˆ2 + ψm1σnψ5ˆ1)
−iFm5ˆ(ψp2σnψq2 + ψp1σnψq1)
]
−3
2
λ
{
q3
[
2ψm1σ
mnψn2 + i(ψm2σ
mψ5ˆ2 − ψm1σmψ5ˆ1)
]
+q12
[
(ψm1σ
mnψn1 − ψm2σmnψn2) + i(ψm1σmψ5ˆ2 + ψm2σmψ5ˆ1)
]}
+
√
6
4
λ
{
q3
[
iBnǫ
mnkl(ψm2σlψk2 − ψm1σlψk1) + 4iB5ˆ(ψm1σmnψn2)
−4iBn(ψm2σmnψ5ˆ1 + ψm1σmnψ5ˆ2)
]
+q12
[
2iBnǫ
mnkl(ψm1σlψk2) + 2iB5ˆ(ψm1σ
mnψn1 + ψm2σ
mnψn2)
−4iBn(ψm1σmnψ5ˆ1 + ψm2σmnψ5ˆ2)
]}
+h.c. (F.2)
Note that ea5 does not appear at all, whereas e
m
5ˆ
appears only in the following combinations,
B5ˆ = e
5
5ˆ
B5 + e
m
5ˆ
Bm, Fm5ˆ = e
5
5ˆ
Fm5 + e
n
5ˆ
Fmn
D5ˆ = e
5
5ˆ
D5 + e
m
5ˆ
Dm, ψ5ˆ1,2 = e
5
5ˆ
ψ51,2 + e
m
5ˆ
ψm1,2 . (F.3)
In particular, σm = ema σ
a and ǫmnkl = ema e
n
b e
k
ce
l
dǫ
abcd. The derivatives can be further decom-
posed as follows,
DMψ1 = D̂Mψ1 +
i
2
ωMa5ˆψ2
DMψ2 = D̂Mψ2 − i
2
ωMa5ˆψ1 . (F.4)
Note that DMe
A
N = 0, but D̂Me
A
N 6= 0.
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